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Abstract

Recent distributional work has introduced the so-called new Weibull-Pareto distribution
(NWPD) as a three-parameter lifetime model with closed-form survival and hazard functions.
In practical survival studies, however, event times typically depend on covariates and are sub-
ject to right censoring, so inference must be developed for regression settings with incomplete
observations. This paper develops a parametric survival regression model based on the NWPD
baseline with a log-linear scale specification, leading to a tractable likelihood for independent
right-censored data. The model admits both accelerated failure time and proportional hazards
interpretations, enabling covariate effects to be reported as time acceleration factors and hazard
ratios within a fully parametric framework. We derive the likelihood and score equations, dis-
cuss identifiability and practical maximum likelihood implementation, and provide asymptotic
inference based on the observed information. A Monte Carlo study is carried out to evalu-
ate finite-sample bias, variability, and Wald interval coverage under varying sample sizes and
censoring levels, and a right-censored biomedical dataset is analyzed to illustrate estimation,
uncertainty quantification, model comparison, and diagnostic assessment.

Keywords: new Weibull-Pareto distribution, survival regression, right-censored data, accelerated
failure time model, proportional hazards model

1. Introduction

Parametric survival models play a central role in reliability engineering, biomedical research, and
actuarial science, where the primary outcome is the time until an event such as failure, relapse, or
death. Classical models based on the exponential, Weibull, log-normal, or log-logistic distributions
remain widely used because their hazard functions and cumulative distributions have closed forms,
which facilitates interpretation and inference; see, for example, [1, 2]. Nevertheless, there is continuing
interest in lifetime models that can flexibly represent monotone hazard behavior while retaining
analytical tractability for estimation under censoring |[3].

The new Weibull-Pareto distribution (NWPD) is one such parameterization. It is presented as
a three-parameter lifetime model with shape parameters o > 0 and [ > 0 and scale parameter
6 > 0. The functional form defined below implies a monotone hazard governed by 5. Importantly,
the same functional form is algebraically equivalent to a standard Weibull model under a one-to-one
reparameterization of the overall scale; throughout, we retain the NWPD notation to align with
recent work while developing regression and censoring methodology in a consistent notation.
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For an individual lifetime 7' > 0, the cumulative distribution function (cdf) and probability
density function (pdf) of the NWPD are
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The baseline hazard function is
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which is monotone increasing for J > 1, decreasing for 0 < § < 1, and constant in the special case
b =1.

Existing work on the NWPD has focused on point and interval estimation of (6, «, ) for univariate
complete data using classical methods such as maximum likelihood, least squares, weighted least
squares, and maximum product spacing, together with bootstrap confidence intervals and Monte
Carlo comparisons of estimator performance [4]. This provides a useful starting point, but the two
features that typically dominate applied survival studies are not covered: (i) covariates that shift the
time scale of the distribution, and (ii) right censoring, which leads to partial likelihood contributions
and can materially affect estimator behavior and uncertainty quantification [5].

The goal of this paper is to develop a coherent parametric survival regression treatment for right-
censored data under the NWPD parameterization. We specify a log-linear scale regression, derive
the likelihood and score functions for independent right-censored observations, and discuss practical
maximum likelihood computation and inference. Because the survival function retains a simple expo-
nential structure, the resulting model admits both accelerated failure time (AFT) and proportional
hazards (PH) representations, which provide complementary interpretations of regression effects. In
addition to the theoretical development, we report a fully specified Monte Carlo experiment that
quantifies finite-sample bias, variability, and Wald coverage under multiple censoring levels, and we
present an applied analysis that compares the fitted model against standard parametric alternatives
using information criteria and uncertainty-aware interpretation.

The rest of the paper is organized as follows. Section 2 introduces the NWPD regression model
and discusses its AFT and PH representations. Section 3 derives the likelihood and score functions
under right censoring and outlines numerical maximum likelihood estimation. Section 4 presents a
simulation study for assessing finite-sample performance, including bias, root mean squared error
(RMSE), and coverage probabilities. Section 5 provides a real-data application, including model
comparison and diagnostics. Section 6 concludes with a discussion of extensions and limitations.
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2. The NWPD Survival Regression Model

2.1.  Right-censored survival data

Suppose we observe survival data from n independent individuals indexed by ¢ = 1,...,n. For each
individual, let Y; > 0 denote the true event time and C; > 0 a nonnegative censoring time. We
observe
T; = min(Y;, C;), 6 = 1{Y; < Ci},

where ¢; is the event indicator (6; = 1 if the event is observed and ¢; = 0 if the observation is
right-censored). Let @; = (z;1,...,2;)  be a vector of baseline covariates for individual i (assumed
observed without error and fixed at study entry). We assume that {(Y;, C;, x;)}", are independent,
and that censoring is conditionally non-informative in the standard sense that Y; is independent of C;
given x;. Under this assumption, the conditional distribution of T; given (0;, ;) is fully determined
by the model for Y; | @; and does not require an explicit model for the censoring mechanism.

2.2.  Log-linear scale regression

We model the conditional distribution of Y; given x; as NWPD with covariate-dependent scale pa-
rameter. Specifically, we let

Y;' ’ €Tr; ~ NWPD(GH o, B)? (92 = exp(:cj’y), (5)

A practical point concerns identifiability when the linear predictor includes an intercept term. Be-
cause « enters the model as a global multiplicative factor inside the exponential term, a free intercept
in x,~v can absorb the same overall scaling, so one should avoid simultaneously estimating both «
and an unrestricted intercept without an explicit constraint. Two equivalent and commonly used
conventions are: (i) fix @ = 1 and include an intercept in =, or (ii) omit the intercept (for example
by centering covariates so that &; = 0 corresponds to a meaningful baseline) and estimate « as a
separate global parameter. The likelihood expressions below are written in their general form; in the
empirical sections we adopt a constrained specification to ensure a well-posed optimization problem.

where v € R? is a vector of regression coefficients and («, §) are global shape parameters common
to all individuals. Writing 1 = (a, 3,4 ")" for the full parameter vector, the conditional pdf and
survival function of Y; are
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2.8.  AFT and PH representations

The functional forms in (9)—(10) lead to two standard interpretations that coincide with the familiar
Weibull AFT/PH duality under the NWPD form.

2.3.1.  Accelerated failure time (AFT) form. Let U; denote a baseline lifetime with NWPD(6,, a, 3)
distribution, and suppose that
Yi= eXP(wiT’Y) Us.

Then Y; has the NWPD distribution with scale parameter §; = exp(zx, )6, which is algebraically
equivalent to (5) with an intercept absorbed into 4. In terms of the log-lifetime Y;* = logV;, the

1
model can be written as

Y=z v+e, (11)

where ¢; has a baseline distribution induced by the NWPD. The coefficient 7, can be interpreted as
the log acceleration factor associated with a one-unit increase in x;;: positive values of y; correspond
to stochastically larger lifetimes (slower failure), while negative values correspond to acceleration of
failure times.

2.3.2.  Proportional hazards (PH) form. From (10) we see that the hazard function factorizes as

h(t | ®;9) = ho(t; a, B) exp(—=Bx "), ho(t;a, B) = aft”,
so that the hazard ratio for two covariate vectors x; and a, is

h(t | @15 )

h(t | @2; )
which is constant in . Thus the NWPD regression model is a parametric proportional hazards model
with a power-law baseline hazard and log-linear covariate effects.

= exp(—f(z1 — x2) "), (12)

3. Likelihood and Estimation under Right Censoring

3.1.  Log-likelihood function

Under the assumptions of Section 2, the contribution of observation ¢ to the likelihood is
Li() = f(Ti | 2i;9)" S(T; | s 4p)'

so that the full likelihood and log-likelihood are

() =log L(sh) =Y _{6;1og f(T; | ai;b) + (1= 6;)log S(Ti | @3 9p)} . (14)

=1

~
{

Substituting the explicit forms from (6)—(7), with 6; = exp(z, v), yields

log f(T; | &) = loga +log 8 — &)y + (8 — 1)(log T; — ] v) — oT) exp(—pzx~),  (15)
log S(T; | @3 ) = —aT, exp(—Bz 7). (16)
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Therefore the log-likelihood simplifies to
()= di{loga+logf+ (5~ 1logT; — fx/v} —a Yy T exp(—Ba] ). (17)
i=1 i=1

3.2.  Score functions

Differentiating (17) with respect to («, 3,7) yields the score functions. The derivative with respect

to a is
n

ol I~
20 >, o > T exp(—pa] ). (18)
=1 i=1
Setting 0¢/0a = 0 gives the profile equation
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The derivative with respect to 3 is

ot _ >4 {% +1og T, — w?“/} —a Y T exp(—Ba/v)(log T, — =] ). (20)
X i=1

Finally, the gradient with respect to -y is

g—j = Z [—5513% + aﬁTf exp(—ﬂwj'y)wi] - (21)

i=1
The maximum likelihood estimator (MLE) {b\ is obtained by solving the coupled score equations

ol ~ ol ~ ol ~
a—a(¢)=0, %(W:O, a(%b):(],

typically via numerical methods.

3.3.  Numerical optimization and reparametrization

In practice, numerical maximization should be carried out with attention to parameter constraints,
scaling, and identifiability. When the covariate design includes an intercept, one should impose an
explicit identifiability convention as discussed earlier (for example, fixing & = 1 and treating the
intercept as part of 7). For stable optimization under moderate or heavy censoring, it is also helpful
to scale continuous covariates and (when needed) rescale time units so that typical T; values are not
extremely large or small; this reduces overflow /underflow in terms such as T7.

Direct optimization over (o, 8,7) is straightforward but must respect the constraints a > 0 and
£ > 0. To enforce these constraints, it is convenient to reparametrize

n = loga, 12 = log f3,

optimize ¢ as a function of (n;,72,7v) € RP™2 and then transform back via o = exp(n;) and 3 =
exp(ny). Standard quasi-Newton algorithms (e.g., BEGS) or trust-region methods can then be applied
to maximize the log-likelihood.
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3.4.  Asymptotic inference

Under regularity conditions for parametric survival models with independent right censoring (see,
e.g., [1]), the MLE ) is consistent and asymptotically normal:

Vvn (TZ— ¢o) LN (07 [(150)71) ;

where by denotes the true parameter vector and (1)) is the Fisher information matrix. In practice
we approximate I(1g) by the observed information

~ 1 0%

computed numerically. Wald-type confidence intervals for individual components of % follow in
the usual way. Likelihood ratio tests for nested models (e.g., excluding selected covariates) can be
constructed using the standard asymptotic x? theory.

In finite samples, especially with substantial censoring, Wald intervals can exhibit under- or
over-coverage for some parameters (notably intercept-like terms). This motivates reporting standard
errors together with sensitivity checks such as alternative censoring distributions in simulation, and
emphasizing effect measures that are functions of multiple parameters (e.g., hazard ratios involving
both § and =) with uncertainty obtained via the delta method or direct propagation from the
estimated covariance matrix.

4. Simulation Study Design

To investigate the finite-sample performance of maximum likelihood estimation in the presence of
right censoring, we conduct a Monte Carlo simulation study based on synthetic data generated
from the NWPD regression model. The objective is to quantify finite-sample bias, variability, and
confidence-interval performance under controlled sample sizes and censoring fractions, and to assess
numerical stability of the likelihood maximization under practically relevant settings.

4.1.  Data-generating mechanism

The simulation assumes that the data are generated from the parametric regression model introduced
in Section 2. We begin by fixing a “true” parameter vector (ag, 8o, o), where ag > 0 and Sy > 0
are the shape parameters of the baseline NWPD and v = (o1, - .,7%0) " is the vector of regression
coefficients. The choice of (ag, fy) should reflect hazard shapes that are typical in the intended
applications; for example, values with 5y > 1 generate increasing hazards, while 0 < 8y < 1 generate
decreasing hazards. The coefficients in 7y determine the strength and direction of covariate effects
on the scale of the distribution.

For concreteness, we consider a setting with p = 2 covariates and fix (ao, 8o, v0) as (ao, fo) =
(1,1.5) and (701,702, Y03) = (0,0.5, —0.4), so that the baseline hazard is increasing and the covariate
effects are of moderate magnitude on the log-scale. The first covariate, denoted x;1, is taken to be
a continuous predictor generated from a standard normal distribution, z;; ~ A(0,1). The second
covariate, denoted x;o, is a binary indicator that may represent a treatment or group effect, gener-
ated from a Bernoulli distribution with success probability 0.5, that is z;2 ~ Bernoulli(0.5). These
covariates are generated independently across individuals, and independence between z;; and x5 is
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assumed for simplicity. The simulation framework can readily be extended to higher-dimensional
covariate vectors or alternative covariate distributions, such as skewed continuous variables or unbal-
anced binary indicators.

Given the covariates, the individual-specific scale parameter 6; is defined through the log-linear
regression model

0; = exp(Yo1 + Y0221 + Y03%i2),

where 1 acts as an intercept and (702, v03) capture the effect of x;; and z;2 on the scale of the
lifetime distribution. Positive values of ~gs or 7p3 increase the scale and thus tend to prolong survival
times, whereas negative values have the opposite effect.

Conditional on («g, By, 0;), the true event time Y; for individual 7 is generated from the NWPD
regression model using inverse transform sampling. Let U; denote a realization from the uniform
distribution on (0, 1), that is U; ~ Uniform(0, 1) independently across i. The quantile function of the
NWPD with parameters (ao, 5o, 6;) is given by

1 1/Bo
QO(UQ‘giyamﬁo) = 91 {—&—log(l - U)} ) O<u< 1,
0

so that we obtain the simulated event time as

1 1/Bo
Y, = Qo(Ui; 6;, o, Bo) = 0; {—a—olog(l — Uz)} .

This construction ensures that Y; follows the NWPD regression model with the desired parameters
and covariate effects, and it avoids numerical issues that may arise from attempting to solve implicit
equations for quantiles.

To incorporate right censoring, we generate censoring times C; from a nonnegative distribution
that is independent of (Y;, ;). A convenient choice is an exponential distribution with rate parameter
Ae > 0, so that C; ~ Exp(A.) independently across i. The rate A. controls the amount of censoring:
larger values of ). tend to produce shorter censoring times and thus heavier censoring, while smaller
values yield lighter censoring. In practice, \. can be calibrated iteratively to achieve approximately
pre-specified censoring percentages, for example 20%, 40%, or 60%. For each individual, the observed
time is defined as

7—‘1' = min(}/;v Ci)a

and the event indicator is
5, = {Y; < Gy},

which equals one when the event is observed and zero when the observation is censored. The resulting
dataset for a given replication consists of the triplets (T, d;, x;) fori =1,... n.

The above mechanism can be augmented to explore robustness of the estimators under moderate
model misspecification. For example, one may generate Y; from a Weibull or log-logistic regression
model with a similar covariate structure, while still fitting the NWPD regression model to the simu-
lated data. This allows the investigator to examine how sensitive the estimators and their standard
errors are to deviations from the assumed baseline distribution.

45



Li and Zang

4.2.  Ezperimental factors and performance measures

The finite-sample behavior of the estimators depends on several design factors, including the sample
size, the overall level of censoring, and the underlying parameter values that govern the shape of
the hazard and the strength of covariate effects. To explore these dependencies, we consider a grid
of simulation scenarios characterized by different combinations of (n, ¢, ag, Bo, o). Typical choices
include sample sizes such as n € {100, 300,500} and nominal censoring levels of approximately ¢ €
{20%, 40%, 60%}, together with at least one configuration in which the covariate effects are moderate
in magnitude and of mixed sign. For each chosen configuration, the data-generating mechanism
described above is applied repeatedly.

Let M denote the number of Monte Carlo replications performed for each scenario. Values in
the range M = 1000 to M = 2000 generally provide a good compromise between computational cost
and accuracy of Monte Carlo summaries. In the m-th replication, where m = 1,..., M, we generate
a dataset {(Ti(m), 6§m),m§m)) i =1,...,n} according to the specified mechanism and then fit the
NWPD regression model by maximum likelihood, obtaining an estimate i(m) of the true parameter
vector ¥y = (g, Bo,¥y )"~ We also compute the estimated asymptotic covariance matrix based on
the observed information and derive nominal 95% Wald confidence intervals for each component of
o.

For each parameter component 1; of interest, where j indexes the entries of (a, 3, ), we summa-
rize the finite-sample performance by empirical bias, root mean squared error, and coverage proba-
bility. Denote the estimate of ¢; from replication m by sz(m) and the true value by ;. The empirical

bias is defined as
M

ol 1 7(m)

Bias(v;) = i Z(% — o5),
m=1

which measures the average deviation of the estimator from the true parameter. The root mean

squared error (RMSE) combines bias and variability into a single scalar measure and is given by

R LM 1/2
RMSE();) = {M P ¢Oj)2} .

m=1

To evaluate the reliability of the nominal 95% confidence intervals, we compute the empirical coverage
probability. For each replication m, let I ](m) denote the event that the corresponding interval contains
;. The empirical coverage is then

M
- 1 m
Covoas(ty) = 77 > 1™ oceurs},
m=1

which should be close to the nominal level 0.95 if the asymptotic approximation is accurate in finite
samples.

Across M = 250 replications per scenario, numerical maximization converged in all runs for the
settings reported below. With approximately 20% censoring and n = 100, the mean estimate of
f was 1.535 (bias 0.035; RMSE 0.144) and the empirical 95% Wald coverage for 5 was 0.952. At
the same sample size with approximately 40% censoring, § showed a modest increase in variability
(mean 1.559; bias 0.059; RMSE 0.178) and coverage decreased to 0.904. Increasing the sample size
to n = 200 improved accuracy and interval performance: under 20% censoring the mean [ estimate
was 1.527 (bias 0.027; RMSE 0.089) with coverage 0.956, and under 40% censoring the mean was
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1.528 (bias 0.028; RMSE 0.109) with coverage 0.940. Regression coefficient biases were close to
zero in all scenarios; RMSE decreased with n and increased with censoring in the expected manner.
Coverage for slope terms remained near the nominal 0.95 across scenarios, while the intercept-like
term exhibited mild undercoverage at n = 100 in the 20% censoring setting (empirical coverage
about 0.90), reflecting slower convergence of intercept uncertainty under censoring. As a robustness
check, replacing exponential censoring by uniform censoring calibrated to the same censoring fractions
produced very similar bias and RMSE patterns and only small changes in coverage (for example, (3
coverage around 0.92-0.93 at n = 100), indicating that the observed behavior is driven primarily by
the censoring proportion rather than the particular censoring-time distribution.

5. Template for Real Data Applications

To illustrate the practical use of the NWPD regression model, we analyze a standard right-censored
biomedical dataset consisting of n = 69 patients with observed survival times (in days) and a censoring
indicator, together with age measured at the time of surgery. In this dataset, approximately 34.8%
of observations are right-censored. The analysis below demonstrates model specification, estimation,
uncertainty quantification, and comparison against common parametric alternatives.

5.1.  Model specification and estimation

We model the event time Y; conditional on age using the NWPD regression specification in (5). To
avoid the identifiability redundancy between a free intercept and the global scaling parameter «,
we adopt the convention o« = 1 and include an intercept in the log-scale predictor. Age is centered
at its sample mean and rescaled in units of 10 years, so that a one-unit change corresponds to a
10-year increase. Maximum likelihood estimation under right censoring proceeds by maximizing the
likelihood with respect to the remaining parameters.

For this dataset, the fitted model yields B = 0.578 with an approximate standard error of 0.071
and a 95% Wald confidence interval (0.454,0.735), indicating a decreasing baseline hazard shape
(consistent with # < 1). The estimated age coefficient is ¥,,e = —1.037 (standard error 0.393), with

-~

95% interval (—1.806, —0.267). The maximized log-likelihood for this fit is ¢(¢p) = —312.11.

5.2.  Interpretation of regression coefficients

Under the AFT representation in Section 2, the coeflicient 7,4, is interpreted as a log acceleration
factor for a one-unit increase in age (here, 10 years). The fitted acceleration factor is exp(Yage) =
0.355, meaning that a 10-year increase in age multiplies the survival time scale by about 0.36, with
an approximate 95% interval (0.164,0.766) obtained by exponentiating the Wald interval for yage.

Under the PH representation in Section 2, the hazard ratio for a 10-year increase in age is
exp(—B Yage) = 1.82. Propagating uncertainty from (5, 7) yields an approximate 95% interval
(1.17,2.84) for this hazard ratio. Both representations therefore support the same substantive con-
clusion: higher age is associated with increased risk (and, equivalently, shorter survival times) in this
dataset, with uncertainty quantified by the fitted likelihood.
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5.8. Model comparison and goodness of fit

To evaluate whether the NWPD regression model is preferred over simpler parametric alternatives, we
fit several standard models with the same covariate structure and compare them using AIC and BIC.
We consider the exponential regression model (a special case with § = 1), as well as log-normal and
log-logistic AFT models. In this dataset, the NWPD fit yields AIC 630.22 and BIC 636.92, while the
exponential model is substantially worse (AIC 653.97; BIC 658.44). The log-normal and log-logistic
models provide very similar fit (log-normal: AIC 629.26; BIC 635.96; log-logistic: AIC 629.50; BIC
636.20). Differences among NWPD/Weibull, log-normal, and log-logistic are below 2 AIC units,
suggesting that several standard parametric baselines describe the observed data comparably well
and that conclusions should be based primarily on the estimated effects and their uncertainty rather
than on marginal information-criterion differences.

5.4.  Diagnostics and assessment

Beyond information criteria, diagnostic checks remain important in parametric survival regression.
Typical checks include comparing fitted parametric survival curves to Kaplan—Meier estimates for
representative covariate values, assessing whether residual summaries show systematic departures,
and verifying that the fitted hazard shape is plausible over the observed time range. In this ap-
plication, the model comparison indicates that the NWPD /Weibull specification is competitive but
not uniquely preferred, so diagnostic evidence and substantive considerations should guide the final
choice among plausible parametric baselines.

5.5.  Summary of application

This application demonstrates how the NWPD regression model can be fit and interpreted under
right censoring. The fitted model provides statistically supported evidence of an age effect and
yields interpretable effect measures on both the AFT and PH scales. At the same time, competing
parametric baselines provide similar fit, emphasizing the importance of uncertainty-aware reporting
and diagnostic assessment when drawing conclusions from parametric survival models.

6. Discussion and Extensions

We have developed a survival regression framework for right-censored data using the NWPD pa-
rameterization, coupled with a log-linear scale specification. Because the NWPD form implies a
Weibull-type survival function with a power-law hazard, the resulting regression model inherits the
dual interpretation as an accelerated failure time model and as a proportional hazards model, provid-
ing two coherent effect summaries (time acceleration factors and hazard ratios) from a single fitted
likelihood-based model [1, 6]. Within this parameterization, we derived the right-censoring likeli-
hood and score functions, discussed practical maximum likelihood computation (including the role
of identifiability constraints when an intercept is present), and presented large-sample inference via
the observed information matrix.

The empirical evaluation supports the theoretical development but also clarifies its scope. In the
Monte Carlo experiments, maximum likelihood estimates exhibited small bias and decreasing RMSE
as n increased, while heavier censoring increased variability and could reduce Wald coverage for some
parameters in the smallest samples. These patterns are expected for parametric survival regres-
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sion and underline the importance of reporting uncertainty and, when needed, complementing Wald
intervals with sensitivity checks. The real-data analysis illustrates that the fitted NWPD/Weibull
regression model can provide interpretable and statistically supported covariate effects, and that it
can be competitive with standard parametric alternatives; however, information-criterion differences
among commonly used parametric baselines may be small, so model choice should be guided by
diagnostics and substantive considerations rather than by marginal AIC/BIC differences alone [7].

Several extensions remain of interest. First, Bayesian versions of the model can be developed by
placing priors on regression and shape parameters and sampling from the posterior under censoring,
providing a natural framework for uncertainty quantification and model comparison [8|. Second,
one can generalize the censoring mechanism to include left censoring or interval censoring, which
would require adapting likelihood contributions but preserves the parametric structure. Third, the
model can be enriched by introducing frailty terms or random effects to account for unobserved
heterogeneity and clustering, at the cost of integrating over latent variables; such extensions are
natural in clustered survival settings [6]. Finally, while the present work focuses on a log-linear scale
specification, alternative covariate links (including nonlinear predictors and interaction terms) can be
accommodated within the same likelihood framework, provided identifiability and numerical stability
are carefully addressed.

Overall, the proposed survival regression model extends the applicability of the NWPD formula-
tion from univariate complete data analysis to a flexible and interpretable tool for covariate-dependent
right-censored survival data [3, 9.
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