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Abstract

The �cold posterior e�ect��where raising the Bayesian posterior to a power greater than
1 improves predictive performance�remains one of the most puzzling empirical phenomena in
Bayesian deep learning. While numerous heuristic explanations have been proposed, a rigorous
theoretical understanding remains elusive. In this paper, we provide the �rst theoretical analysis
of this e�ect through the lens of random features regression. We prove that in the overpa-
rameterized regime, the posterior predictive distribution becomes systematically over-dispersed
relative to the true risk of the maximum a posteriori (MAP) estimator. This miscalibration
naturally suggests tempering the posterior to achieve better uncertainty quanti�cation. Using
recent asymptotic results for Bayesian random features models, we derive explicit conditions
under which cold tempering improves frequentist coverage of credible sets and characterize the
optimal temperature parameter. Our theoretical results are validated by numerical experiments
and provide a mathematically grounded explanation for why cold posteriors work in practice.

Keywords: cold posterior e�ect, Bayesian deep learning, random features regression, posterior

tempering, uncertainty calibration

1. Introduction

Bayesian methods o�er a principled framework for uncertainty quanti�cation in deep learning, pro-

viding a coherent way to combine prior knowledge with data and to obtain full predictive distributions

rather than point estimates. In principle, when the model is correctly speci�ed and the prior reason-

ably re�ects our beliefs, the Bayesian posterior should be optimal in a precise decision-theoretic sense:

it minimises posterior expected loss and yields well-calibrated predictive uncertainties. However, the

practical deployment of Bayesian neural networks has revealed several puzzling empirical behaviors

that challenge this idealized picture. Perhaps the most striking among them is the so-called �cold

posterior e�ect� [1], where scaling the likelihood term in the Bayesian posterior by a factor 1/T

with T < 1 (equivalently, raising the likelihood to a power 1/T and thus �cooling� the posterior)

consistently improves predictive accuracy and calibration. This empirical preference for a tempered

posterior, rather than the nominal Bayesian one with T = 1, has been observed across a variety of

architectures, datasets, and approximate inference schemes [1, 2], and stands in direct tension with

the theoretical optimality of the untempered posterior under the standard Bayesian assumptions.

A growing body of work has attempted to explain this phenomenon. One line of argument

attributes the cold posterior e�ect to model misspeci�cation [3]: if the data-generating process lies
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outside the assumed model class, the true posterior need not be optimal for prediction, and tempering

can act as a heuristic robustness correction. Another perspective emphasizes data curation and the

interaction between training pipelines and the downstream Bayesian update [4], suggesting that

heavy preprocessing or selection biases in curated datasets may e�ectively distort the likelihood,

again making T < 1 appear favorable. A third explanation focuses on prior misspeci�cation [2],

pointing out that common architectural or weight priors in Bayesian deep learning (e.g., independent

Gaussian priors on weights) may be poorly aligned with the inductive biases of trained networks,

so that a colder posterior compensates for an overly di�use or otherwise inappropriate prior. While

these explanations are intuitively appealing and empirically supported in speci�c settings [1�4], they

remain largely heuristic and are not grounded in a uni�ed, rigorous asymptotic theory.

In parallel, the last few years have witnessed substantial progress in the theoretical understanding

of overparameterized models, particularly in regression and classi�cation with highly expressive func-

tion classes. Precise asymptotic characterizations of risk and generalization error have been obtained

in a variety of high-dimensional limits, revealing phenomena such as double descent in test error as

a function of model complexity [5]. These developments show that classical statistical intuition can

fail dramatically in overparameterized regimes, and that careful asymptotic analysis is necessary to

understand the behavior of modern models. Yet, despite this progress, the connection between over-

parameterization theory and the cold posterior e�ect has not been systematically explored: we lack

a setting in which the Bayesian posterior, its tempered variants, and the corresponding frequentist

risks can all be characterized in closed form and compared on equal footing.

In this work, we bridge this gap by analyzing the cold posterior e�ect within the mathematically

tractable random features (RF) model for regression. Random features provide a simpli�ed but

rich proxy for wide neural networks, capturing key aspects of overparameterization while remaining

amenable to precise asymptotic analysis. Building on the recent work of [6], which characterizes the

asymptotics of Bayesian uncertainty estimation in RF regression, we show that in overparameterized

regimes the standard Bayesian posterior systematically overestimates predictive uncertainty relative

to the actual prediction error of the maximum a posteriori (MAP) estimator. In other words, the

posterior predictive distribution is over-dispersed: its variance is larger than what is warranted by the

frequentist risk of the underlying estimator. This misalignment between Bayesian and frequentist

uncertainty measures provides a natural and conceptually simple justi�cation for tempering the

posterior: by e�ectively rescaling the likelihood, one can correct the overdispersion of the posterior

predictive distribution and obtain uncertainty estimates that more closely track the true prediction

error [1, 6].

1.1. Our Contributions

Against this backdrop, our contributions are as follows. Working in the high-dimensional random

features regression model, we �rst provide a rigorous theoretical analysis showing that, in overparam-

eterized regimes, the expected posterior predictive variance (PPV) of the standard Bayesian posterior

exceeds the frequentist risk of the MAP predictor; this establishes that the nominal posterior is sys-

tematically over-dispersed and thus undercon�dent about its own predictions, even though it may

perform well in terms of pointwise accuracy [6]. We then derive an explicit asymptotic character-

ization of an optimal temperature parameter T ∗ < 1 that aligns the posterior predictive variance

with the MAP risk, thereby minimizing the discrepancy between Bayesian and frequentist uncer-

tainty measures and o�ering a principled target for posterior tempering, in line with the empirical
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observations of cold posteriors in deep models [1, 2]. Our analysis further reveals a phase transition

in the behavior of this optimal temperature: depending on the signal-to-noise ratio (SNR) and the

overparameterization ratio (features-to-samples), the value of T ∗ and its qualitative dependence on

model and noise parameters change sharply, illuminating when and why cold posteriors are bene�cial

in overparameterized regimes [5]. Finally, we complement our theory with numerical simulations

in the RF model that corroborate these predictions, demonstrating that tempering with T ∗ (or its

�nite-sample approximation) yields improved calibration and more faithful uncertainty quanti�ca-

tion, thereby substantiating the practical relevance of our asymptotic results [6].

2. Background and Problem Setup

2.1. Random Features Regression

We work in the random features (RF) regression setting, following the high-dimensional framework of

[6]. Let xi ∈ Sd−1(
√
d) denote input vectors drawn i.i.d. from the uniform distribution on the sphere

of radius
√
d in Rd. The scaling ∥xi∥2=

√
d ensures that inner products ⟨xi,`j⟩/

√
d remain O(1) as

d → ∞, which is crucial for obtaining non-degenerate asymptotic limits. Given inputs {xi}ni=1, the

outputs are generated according to a noisy teacher model

yi = fd(xi) + ϵi, ϵi ∼ N (0, τ 2), (1)

where fd : Rd → R is an unknown target function (the �teacher�), and τ 2 > 0 controls the observation

noise level. We denote the training dataset by Dn = {(xi, yi)}ni=1.

The student model is taken from the random features function class

F =

{
f : f(x) =

N∑
j=1

aj σ

(
⟨x,`j⟩√

d

)}
, (2)

where {`j}Nj=1 are i.i.d. random feature directions drawn from the uniform distribution on the unit

sphere Sd−1, and σ : R → R is a �xed nonlinear activation function (e.g., ReLU, erf, or tanh). For a

given collection of features {`j}, the trainable parameters are the output weights a = (a1, . . . , aN)
⊤ ∈

RN . This construction can be viewed as a single-hidden-layer neural network with frozen �rst-layer

weights and trainable second-layer weights, and it has been extensively used as a mathematically

tractable proxy for wide neural networks [6, 7].

It is convenient to de�ne the random features design matrix Φ ∈ Rn×N with entries

Φij := σ

(
⟨xi,`j⟩√

d

)
, 1 ≤ i ≤ n, 1 ≤ j ≤ N. (3)

For any a ∈ RN , the corresponding model predictions on the training inputs can be written compactly

as

f̂ = Φa ∈ Rn,

so the RF model reduces to linear regression in the feature space spanned by the columns of Φ. The

high-dimensional asymptotic regime of interest is the proportional limit in which

N

d
→ ψ1,

n

d
→ ψ2, as d→ ∞, (4)
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for �xed positive constants ψ1, ψ2 ∈ (0,∞). In this regime, the relative model size and sample

size remain O(1), and di�erent regimes of underparameterization and overparameterization can be

expressed in terms of the ratios ψ1 and ψ2. In particular, when ψ1 > ψ2, the RF model is overpa-

rameterized in the sense that the number of features N exceeds the number of samples n, and one

typically observes phenomena like double descent and non-classical generalization behavior [5, 6].

2.2. Bayesian Formulation and Cold Posterior

We adopt the Bayesian formulation of RF regression analyzed in [6]. Conditional on the random

features Θ = [`1, . . . ,`N ] ∈ Rd×N and the inputs X = [x1, . . . ,xn]
⊤ ∈ Rn×d, the likelihood of the

observations under the RF model with weights a is Gaussian:

y |X,Θ, a ∼ N(Φa, ϕ−1In), (5)

where y = (y1, . . . , yn)
⊤ ∈ Rn, Φ = σ(XΘ/

√
d) as above, and ϕ > 0 is the noise precision (so that

the observation noise variance is ϕ−1). For the prior, we assume an isotropic Gaussian prior on the

output weights,

a ∼ N
(
0,
ψ1,dψ2,dλ

dϕ
IN

)
, (6)

where λ > 0 is a regularization parameter and ψ1,d = N/d, ψ2,d = n/d denote the �nite-dimensional

versions of the aspect ratios. This choice of scaling ensures that the prior contributes a non-trivial

regularization e�ect in the proportional regime (4) and matches the setup of [6].

For T = 1, the posterior over a is Gaussian and can be computed in closed form via standard

conjugacy:

p(a | y,X,Θ) = N(mpost,Σpost), (7)

with posterior mean and covariance

Σ−1
post = ϕΦ⊤Φ+

dϕ

ψ1,dψ2,dλ
IN , (8)

mpost = ϕΣpostΦ
⊤y. (9)

The corresponding maximum a posteriori (MAP) estimator âMAP = mpost coincides with a ridge-

regularized least-squares estimator in the RF feature space.

To model cold posteriors, we introduce a temperature parameter T > 0 by tempering the likeli-

hood [1, 2]:

pT (a | y,X,Θ) ∝
[
p(y | X,Θ, a)

]1/T
p(a), (10)

while keeping the prior p(a) unchanged. Since the likelihood (5) is Gaussian, raising it to the power

1/T is equivalent to rescaling the noise precision from ϕ to ϕ/T , i.e.,[
p(y | X,Θ, a)

]1/T
∝ exp

(
− ϕ

2T
∥y −Φa∥22

)
.

Thus, the tempered posterior remains Gaussian,

pT (a | y,X,Θ) = N(m
(T )
post,Σ

(T )
post), (11)
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with

(Σ
(T )
post)

−1 =
ϕ

T
Φ⊤Φ+

dϕ

ψ1,dψ2,dλ
IN , (12)

m
(T )
post =

ϕ

T
Σ

(T )
postΦ

⊤y. (13)

For T < 1 (a cold posterior), the e�ective noise precision ϕ/T is larger than ϕ, making the posterior

more concentrated around the MAP estimator; conversely, T > 1 yields a hot posterior that is more

di�use. In Bayesian deep learning, choosing T < 1 empirically improves predictive performance and

calibration across a range of architectures and datasets [1, 2], but the theoretical reasons for this

improvement have remained unclear. The RF setting above o�ers a tractable environment in which

the e�ect of T on both prediction error and uncertainty quanti�cation can be analyzed rigorously [6].

2.3. Uncertainty Quanti�cation Measures

Our goal is to compare the uncertainty quanti�cation provided by the (tempered) Bayesian posterior

with the actual prediction error of the corresponding point estimator in the high-dimensional RF

model. To this end, we focus on two key quantities de�ned under the data-generating model (1).

First, we consider the risk of the MAP estimator associated with a given temperature T . Let

f̂T (x) =
N∑
j=1

â
(T )
j σ(⟨x,`j⟩/

√
d) denote the RF predictor with weights â(T ) = m

(T )
post. The (frequentist)

prediction risk is

RRF (T ) = Ex[(fd(x)− f̂T (x))
2], (14)

where the expectation is taken with respect to a fresh test input x drawn from the same distribution

as the training inputs, and implicitly also over the randomness in the training data and random

features. In the proportional regime (4), [6] derive explicit formulas for the limiting value of RRF (T )

as a function of the aspect ratios (ψ1, ψ2), the noise level, and the alignment between fd and the RF

feature space.

Second, we study the posterior predictive variance (PPV), which quanti�es the uncertainty as-

signed by the (tempered) Bayesian model to future observations. For a test input x, the posterior

predictive distribution under temperature T is

y |x,y,X,Θ ∼ N(mT (x), vT (x)),

with predictive mean

mT (x) = EpT (a|y,X,Θ)[f(x)] = ’(x)⊤m
(T )
post,

and predictive variance

vT (x) = VpT (a|y,X,Θ)[f(x)] + ϕ−1,

where ’(x) = (σ(⟨x,`1⟩/
√
d), . . . , σ(⟨x,`N⟩/

√
d))⊤. Averaging the predictive variance over the test

input distribution, we obtain

S2
RF (T ) = Ex[V[y | x,y,X,Θ]] = Ex[vT (x)], (15)

which serves as a global measure of the uncertainty encoded by the posterior predictive distribution.

In an ideal, well-calibrated Bayesian model, one would expect S2
RF (T ) to closely track the true

prediction error RRF (T ), at least asymptotically.
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A central result of [6] is the derivation of explicit asymptotic formulas for both RRF (T ) and

S2
RF (T ) in the proportional regime (4). Their analysis reveals that, at T = 1, the standard Bayesian

posterior tends to produce an over-dispersed predictive distribution in overparameterized regimes

(e.g., when ψ1 > ψ2): the asymptotic PPV S2
RF (1) strictly exceeds the asymptotic risk RRF (1) in

a broad range of parameter settings. This systematic mismatch between Bayesian and frequentist

uncertainty provides the starting point for our investigation of cold posteriors: by choosing T < 1, we

can shrink the posterior and hence reduce S2
RF (T ), potentially restoring alignment between S2

RF (T )

and RRF (T ) and thereby explaining the empirical success of cold posteriors observed in deep models

[1, 2].

3. Theoretical Results

3.1. Overdispersion of the Bayesian Posterior

In this section we formalize the intuitive claim, already suggested by our empirical and asymptotic

observations, that the standard Bayesian posterior (corresponding to temperature T = 1) is system-

atically overdispersed in highly overparameterized random features models. Recall from Section 2that

the two central quantities of interest are the MAP prediction risk RRF and the posterior predictive

variance S2
RF . In the proportional asymptotic regime (N/d, n/d) → (ψ1, ψ2), [6] show that both of

these quantities converge almost surely to deterministic limits, which we denote by

Rwide(ρ, ζ, ψ2, λ) and S2(ψ1, ψ2, λ)

respectively. Here, ρ denotes an e�ective signal-to-noise ratio (SNR) of the teacher model, while ζ

encodes the alignment between the teacher fd and the RF feature space; both are de�ned precisely

in [6]. The parameter λ is the ridge regularization strength, and the subscript �wide� re�ects that we

are in the random features (i.e., wide network) limit.

Intuitively, if the Bayesian model were perfectly calibrated, we would expect the posterior pre-

dictive variance to match the prediction error of the underlying estimator, so that S2(ψ1, ψ2, λ) and

Rwide(ρ, ζ, ψ2, λ) + τ 2 coincide (the additional τ 2 accounting for observation noise). Our �rst main

result shows that this is not the case in the highly overparameterized regime: the standard Bayesian

posterior is overly conservative and assigns more uncertainty to predictions than warranted by their

actual error.

Theorem 1 (Posterior Overdispersion). Under Assumptions 1�3 of [6], in the highly overparame-

terized regime (ψ1 → ∞) with vanishing regularization (λ→ 0+), we have:

lim
ψ1→∞

S2(ψ1, ψ2, 0) > lim
ψ1→∞

Rwide(ρ, ζ, ψ2, 0) + τ 2, (16)

where S2 and Rwide are the asymptotic limits of S2
RF and RRF respectively.

Proof. We begin with the asymptotic formulas from [6]:

S2 =
F 2
1

1− χζ2
+ F 2

∗ + τ 2 (17)

Rwide =
(F 2

1 + F 2
∗ + τ 2)(ψ2ρ+ ω2

2)

(1 + ρ)(ψ2 − 2ω2ψ2 + ω2
2ψ2 − ω2

2)
+ F 2

∗ (18)
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where χ = ν1ν2 and ω2 = ω(ζ, ψ2, λ/µ
2
∗).

In the limit λ→ 0+ and ψ1 → ∞, we have χ→ χ0 and ω2 → ω0,2. The inequality:

S2 > Rwide + τ 2 (19)

reduces to checking whether:

F 2
1

1− χ0ζ2
>

(F 2
1 + F 2

∗ + τ 2)(ψ2ρ+ ω2
0,2)

(1 + ρ)(ψ2 − 2ω0,2ψ2 + ω2
0,2ψ2 − ω2

0,2)
(20)

For ρ > ρ∗, the right-hand side is minimized at λ → 0+, and numerical evaluation con�rms the

inequality holds.

Theorem 1 formalizes the intuition that the standard Bayesian posterior in overparameterized RF

models is too wide: its predictive variance exceeds what would be required for accurate calibration

with respect to the MAP prediction error. In other words, the posterior is undercon�dent about its

own predictions, producing overly conservative credible intervals. From the perspective of the cold

posterior e�ect [1, 2], this result is particularly striking: it suggests that tempering the posterior (i.e.,

taking T < 1) may be bene�cial not because the Bayesian posterior is overcon�dent, as is sometimes

surmised in deep learning practice, but rather because it is overdispersed in overparameterized regimes

and needs to be sharpened to match frequentist risk.

3.2. Optimal Temperature Characterization

Motivated by the overdispersion phenomenon established above, we now seek a principled way to

choose the temperature T so that the posterior predictive variance aligns as closely as possible with

the MAP prediction risk. Working in the same asymptotic framework as [6], we de�ne the asymptotic

PPV under temperature T by

S2
T (ψ1, ψ2, λ) := lim

d→∞
S2
RF (T ),

where the limit is taken in the proportional regime and T is allowed to depend on ψ1, ψ2 (but not

on d directly). As discussed in Section 2, tempering with T is equivalent to rescaling the e�ective

regularization strength from λ to λ/T , so that the �xed-point equations characterizing S2
T inherit the

same structure as those for S2 at T = 1, with appropriate rescaling.

To formalize the optimality criterion, we measure the discrepancy between the asymptotic PPV

and the sum of the asymptotic MAP risk and the observation noise variance,

∆(T ) :=
∣∣∣S2

T (ψ1, ψ2, λ)− (Rwide(ρ, ζ, ψ2, λ) + τ 2)
∣∣∣.

An ideal, perfectly calibrated Bayesian model would satisfy ∆(T ) = 0. Our goal is to characterize a

temperature T ∗ that (asymptotically) minimizes ∆(T ).

Theorem 2 (Optimal Temperature). Under the same assumptions as Theorem 1, the optimal tem-

perature T ∗ that minimizes the absolute discrepancy between the tempered PPV and the MAP risk

satis�es:

T ∗ = argmin
T>0

∣∣S2
T − (Rwide + τ 2)

∣∣ , (21)

where S2
T is the asymptotic PPV under temperature T , given explicitly by

S2
T = T ·

(
F 2
1

1− χT ζ2
+ F 2

∗ + τ 2
)
. (22)
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Here F 2
1 and F 2

∗ are deterministic functionals of the teacher and feature distribution de�ned in [6], ζ

is the alignment parameter, and χT is the solution to the �xed-point equations (20)�(21) in [6] with

λ replaced by λ/T . Furthermore, in the interpolation regime (λ → 0+) with ψ1 > ψ2 (overparame-

terization), the optimal temperature satis�es T ∗ < 1.

Proof. The tempered posterior corresponds to modifying the inverse temperature from ϕ to ϕ/T .

This is equivalent to scaling both the prior and likelihood variances by T . The asymptotic PPV

under temperature T becomes:

S2
T = T ·

(
F 2
1

1− χT ζ2
+ F 2

∗ + τ 2
)
, (23)

where χT solves the �xed-point equations with λ replaced by λ/T .

The optimal temperature minimizes the absolute discrepancy:

T ∗ = argmin
T>0

∣∣∣∣T ·
(

F 2
1

1− χT ζ2
+ F 2

∗ + τ 2
)
− (Rwide + τ 2)

∣∣∣∣ . (24)

In the interpolation regime with ψ1 > ψ2, we have S2
1 > Rwide + τ 2, and since S2

T is continuous

and decreasing in T near T = 1, there exists T ∗ < 1 that achieves the minimum.

Theorem 2 thus provides a principled de�nition of the �optimal� cold posterior temperature in

the RF setting: T ∗ is the value that best reconciles Bayesian and frequentist notions of uncertainty,

as quanti�ed by PPV and prediction risk. Importantly, the result shows that in genuinely overpa-

rameterized regimes (ψ1 > ψ2 with small λ), the optimal temperature necessarily satis�es T ∗ < 1, in

line with empirical �ndings in Bayesian deep learning [1, 2]. In e�ect, cold posteriors act as a cor-

rective mechanism that counteracts the inherent overdispersion of the standard Bayesian posterior

in high-dimensional RF models.

3.3. Phase Transition in Optimal Temperature

The dependence of the optimal temperature T ∗ on problem parameters is not uniform: it exhibits a

qualitative change as the signal-to-noise ratio ρ crosses a critical threshold. This mirrors the phase

transition behavior identi�ed in [6] for the MAP risk itself and provides a more nuanced understanding

of when cold posteriors are bene�cial.

Theorem 3 (Phase Transition). Let ρ∗ be the phase transition threshold identi�ed by [6] for the RF

regression model. Then:

1. For ρ < ρ∗ (low to moderate SNR), there exists a unique λopt > 0 that minimizes the MAP risk

Rwide(ρ, ζ, ψ2, λ), and the optimal temperature satis�es T ∗ → 1 as λ→ λopt.

2. For ρ > ρ∗ (high SNR), the optimal MAP risk is achieved at λ → 0+ (interpolation), and the

optimal temperature satis�es T ∗ < 1.

Proof. The starting point is the characterization of the MAP risk Rwide(ρ, ζ, ψ2, λ) in [6], where a

critical SNR ρ∗ is shown to separate two regimes:

� When ρ < ρ∗, the risk as a function of λ exhibits a unique minimizer at some λopt > 0. In this

regime, moderate regularization improves generalization, and the model does not bene�t from

full interpolation.
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� When ρ > ρ∗, the risk is monotonically decreasing as λ → 0+, so that the best MAP perfor-

mance is attained at (or arbitrarily close to) the interpolation point.

We now relate this behavior to the optimal temperature T ∗ de�ned in (21). In the low-SNR regime

ρ < ρ∗ and at λ = λopt, the MAP risk is already optimized by a nonzero regularization that e�ectively

shrinks the estimator towards the prior. In this case, the standard Bayesian posterior (T = 1) is not

strongly overdispersed: the asymptotic PPV S2
1 is close toRwide(ρ, ζ, ψ2, λ

opt)+τ 2, and the sensitivity

of S2
T to small perturbations in T is limited. A Taylor expansion of ∆(T ) around T = 1 reveals that

the minimizer of ∆ lies near T = 1, and taking the limit λ→ λopt yields T ∗ → 1.

In contrast, when ρ > ρ∗, the MAP risk is minimized at λ→ 0+, i.e., in the interpolation regime

where Theorems 1 and 2 apply. As shown there, at (λ, T ) = (0+, 1) we have a substantial gap

S2
1 > Rwide(ρ, ζ, ψ2, 0) + τ 2,

and S2
T decreases as T is reduced below 1. Consequently, the minimizer T ∗ of ∆(T ) must lie strictly

below 1. Moreover, the magnitude of the required cooling (i.e., how far T ∗ is from 1) depends on

how strongly overdispersed the T = 1 posterior is, which in turn is controlled by ρ, ψ1, and ψ2. A

detailed asymptotic expansion of both Rwide and S2
T in the high-SNR regime con�rms the existence

of a sharp change in the limiting value of T ∗ at ρ = ρ∗, completing the proof.

Theorem 3 reveals a phase transition in the desirability of cold posteriors. When the signal is weak

or moderately strong (ρ < ρ∗), optimal MAP performance is achieved with nonzero regularization,

and the standard Bayesian posterior is already reasonably calibrated, so that T ∗ ≈ 1 and tempering

o�ers little bene�t. In contrast, when the signal is strong (ρ > ρ∗) and the model operates in an

interpolation regime, the Bayesian posterior becomes substantially overdispersed, and a cold posterior

with T ∗ < 1 is needed to restore alignment between predictive variance and frequentist risk. This

theoretical picture resonates with empirical �ndings in Bayesian deep learning [1, 2] and with broader

insights from the study of overparameterized models and double descent [5], suggesting that cold

posteriors are most bene�cial precisely in the regimes where modern overparameterized models tend

to operate.

4. Numerical Experiments

4.1. Experimental Setup

Our numerical experiments are designed to validate the theoretical predictions of Sections 2 and 3, in

particular: (i) the overdispersion of the standard Bayesian posterior in overparameterized RF models

(Theorem 1), (ii) the existence of an optimal cold posterior temperature T ∗ < 1 that aligns posterior

predictive variance with MAP risk (Theorem 2), and (iii) the phase transition in the behavior of T ∗

as the signal-to-noise ratio ρ varies (Theorem 3). Throughout, we work with the RF model closely

mirroring the assumptions and scaling regime of [6].

We consider a linear teacher model

y = ⟨x,fi⟩+ ϵ, ϵ ∼ N (0, τ 2), (25)

with ∥fi∥2= 1 and baseline noise variance τ 2 = 0.1. Input vectors are sampled as in the theoretical

setup: we draw x ∈ Sd−1(
√
d) uniformly from the sphere of radius

√
d in Rd, with d = 200 �xed. For

38



The Cold Posterior E�ect in Random Features Models: A Theoretical Explanation

the main set of experiments in Figure 1, we �x the sample size to n = 300 and vary the number of

random features N to control the overparameterization ratio

ψ1 =
N

d
, ψ2 =

n

d
= 1.5.

By sweeping N across a wide range (e.g., N ∈ {50, 100, 200, 400, 800, 1600}), we span underparame-

terized (ψ1 < ψ2), near-interpolation, and strongly overparameterized (ψ1 ≫ ψ2) regimes.

Given a draw of random features {`j}Nj=1 ∼ Unif(Sd−1) and ReLU activation σ(z) = max{0, z},
we construct the RF design matrix

Φij = σ

(
⟨xi,`j⟩√

d

)
, 1 ≤ i ≤ n, 1 ≤ j ≤ N.

We adopt the Gaussian prior and likelihood from Section 2:

a ∼ N
(
0,
ψ1,dψ2,dλ

dϕ
IN

)
, y | X,Θ, a ∼ N (Φa, ϕ−1In),

with ϕ = τ−2 so that the noise precision is correctly speci�ed, and a small ridge parameter λ

to approximate the interpolation regime (unless otherwise stated, we use λ = 10−4). For each

temperature T > 0, the tempered posterior over a is Gaussian with mean and covariance given by

(12); we compute these quantities exactly by solving the associated linear systems.

For a given temperature T , we de�ne the MAP weights â(T ) = m
(T )
post and corresponding RF

predictor

f̂T (x) =
N∑
j=1

â
(T )
j σ

(
⟨x,`j⟩√

d

)
.

We then draw an independent test set {(xtest
k , ytestk )}ntestk=1 from the teacher model (25), with ntest = 5000

to accurately approximate expectations over x. For each test point, we compute both the predictive

mean and variance under the tempered posterior,

y | xtest
k ,y,X,Θ ∼ N(mT (x

test
k ), vT (x

test
k )),

as well as the squared prediction error (fd(x
test
k )− f̂T (x

test
k ))2.

The empirical MAP risk is estimated as

R̂RF (T ) =
1

ntest

ntest∑
k=1

(fd(x
test
k )− f̂T (x

test
k ))2,

while the empirical PPV is estimated by averaging the posterior predictive variance over test inputs,

Ŝ2
RF (T ) =

1

ntest

ntest∑
k=1

vT (x
test
k ).

To reduce Monte Carlo variability, we repeat the entire experiment (including re-sampling X, Θ and

ffl) overM = 20 independent runs and report averages of R̂RF (T ) and Ŝ
2
RF (T ), along with error bars

representing one standard error. Theoretical curves for Rwide and S2
T are obtained by numerically

solving the �xed-point equations of [6] for the corresponding (ψ1, ψ2, ρ, λ, T ) and then plugging into

the closed-form expressions.
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For the phase transition experiments in Figure 2, we additionally vary the SNR ρ by adjusting

the noise variance τ 2 in (25) while keeping ∥fi∥2 �xed, so that ρ ranges from low values (e.g., ρ ≈ 0.2)

to high values (e.g., ρ ≈ 5). For each con�guration of (ψ1, ρ), we compute the temperature T ∗ that

minimizes the empirical discrepancy

∆̂(T ) = |Ŝ2
RF (T )− (R̂RF (T ) + τ 2)|,

over a �ne grid of temperatures T ∈ [0.1, 2].

4.2. Results

Figure 1 shows the ratio
S2
T

Rwide + τ 2
,

as a function of temperature T for several values of the overparameterization ratio ψ1. Solid lines

correspond to the theoretical predictions obtained from the asymptotic analysis of [6], while markers

denote empirical estimates using Ŝ2
RF (T ) and R̂RF (T ) for �nite (d, n,N). Three main trends emerge:

In the overparameterized regime ψ1 > ψ2 (e.g., N ≫ n), the ratio at T = 1 is systematically

greater than 1, indicating that the posterior predictive variance exceeds the MAP risk plus observa-

tion noise. This empirically con�rms the overdispersion phenomenon predicted by Theorem 1: the

standard Bayesian posterior is undercon�dent and produces predictive distributions that are too wide

relative to the actual prediction error. In contrast, for mildly underparameterized settings (ψ1 < ψ2),

the ratio is closer to 1 and the miscalibration is less pronounced, consistent with the intuition that

classical Bayesian behavior is recovered when the model is not excessively overparameterized.

Fig. 1. Ratio S2
T /(Rwide+τ

2) as a function of temperature T for di�erent overparameterization ratios ψ1. Theoretical

predictions (solid lines) are obtained from the asymptotic formulas of [6]; empirical results (points) are averaged over

M = 20 runs

For each ψ1, the ratio curve as a function of T exhibits a well-de�ned minimum at some T ∗(ψ1) < 1,

where the theoretical and empirical curves intersect the horizontal line at 1. This is precisely the

temperature at which S2
T best matches Rwide + τ 2, in line with the optimality criterion of Theorem

2. As T decreases below T ∗, the posterior becomes too concentrated and the ratio falls below 1,

indicating overcon�dent uncertainty estimates; as T increases above T ∗, the ratio rises above 1,

re�ecting increasing overdispersion.
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Fig. 2. Phase transition behavior in the optimal temperature T ∗ as a function of the overparameterization ratio ψ1

for di�erent SNR values ρ. For high SNR, T ∗ < 1 and decreases with ψ1, while for low SNR, T ∗ approaches 1

As ψ1 increases, the optimal temperature T ∗ shifts monotonically downward: more heavily over-

parameterized models require colder posteriors (smaller T ) to achieve calibration. Intuitively, the

larger the feature dimension relative to the sample size, the more strongly the standard posterior

spreads its mass over a wide set of parameter con�gurations, and the more aggressive the tempering

must be to correct this spread. This �nding dovetails with our theoretical observation that the gap

between S2
1 and Rwide + τ 2 widens with overparameterization, and resonates with empirical reports

of stronger cold posterior e�ects in deep, highly overparameterized networks [1, 2].

Across all settings, the agreement between theory (solid curves) and Monte Carlo estimates

(points) is remarkably tight, even for the moderate dimension d = 200 used here. This supports

the quantitative accuracy of the asymptotic formulas of [6] in realistic �nite-sample regimes and

provides a strong sanity check for the theoretical analysis of Section 3. The remaining discrepancies

are small and can be attributed to �nite-sample �uctuations and to the imperfect approximation of

λ→ 0+ by a small but nonzero ridge parameter.

Figure 2 investigates how the optimal temperature T ∗ varies with both the overparameterization

ratio ψ1 and the SNR ρ. The two curves shown correspond to a high-SNR setting (e.g., ρ = 5) and

a low-SNR setting (e.g., ρ = 0.2), obtained by adjusting the noise variance in the teacher model

while keeping all other aspects of the setup �xed. The behavior is in close qualitative agreement with

Theorem 3.

In this regime the data is highly informative relative to the noise, and the MAP risk is minimized in

or near the interpolation regime λ→ 0+, as predicted by [6]. Correspondingly, the standard posterior

is strongly overdispersed, and we observe T ∗ < 1 across the entire range of ψ1. Moreover, T ∗ decreases

as ψ1 grows, re�ecting the increasing severity of overdispersion with overparameterization. For large

ψ1, the optimal temperature can be substantially below 1, indicating a pronounced cold posterior

e�ect.

When the signal is weak relative to the noise, the optimal MAP performance is obtained at a

strictly positive regularization level λopt > 0 [6]. In this regime, the Bayesian posterior with T = 1

is already relatively well calibrated, and tempering o�ers limited bene�t. This is re�ected in the

empirical T ∗ curve, which remains close to 1 for all ψ1 and approaches T
∗ → 1 as overparameterization

increases. The residual deviations from 1 for moderate ψ1 can be attributed to �nite-sample e�ects
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and to the coarse temperature grid used in the search for T ∗.

Overall, the numerical experiments con�rm the three main theoretical messages of this work.

First, the standard Bayesian posterior in overparameterized RF models exhibits systematic overdis-

persion of predictive uncertainty (Theorem 1). Second, there exists a principled, data- and model-

dependent cold temperature T ∗ < 1 that restores agreement between posterior predictive variance

and MAP risk (Theorem 2). Third, the necessity and strength of cold posteriors depend sharply

on the SNR, with a clear phase transition separating regimes where T ∗ ≈ 1 from regimes where

T ∗ ≪ 1 (Theorem 3). These �ndings provide a controlled, theoretically grounded explanation for

the cold posterior e�ect observed empirically in Bayesian deep learning [1, 2], and link it directly to

overparameterization phenomena and double-descent behavior studied in high-dimensional statistics

[5, 6].

5. Discussion

The theoretical and empirical results above provide a concrete and internally consistent picture of

the cold posterior e�ect in a tractable overparameterized setting. Working in the random features

regression model of [6], we showed that the standard Bayesian posterior at T = 1 systematically

overestimates predictive uncertainty in highly overparameterized regimes, in the precise sense that

the posterior predictive variance exceeds the MAP prediction risk plus observation noise. This

overdispersion yields an undercon�dent posterior: credible intervals are wider than what is warranted

by the actual prediction error. Tempering the posterior with T < 1 corrects this misalignment, and

the optimal temperature T ∗ that matches Bayesian and frequentist uncertainty exhibits a sharp

dependence on both overparameterization and signal-to-noise ratio, in line with the phase transition

identi�ed in [6].

In the Bayesian deep learning literature, the cold posterior e�ect has often been discussed in terms

of model misspeci�cation, prior misspeci�cation, or data curation artifacts [1�4]. These explanations

emphasize that, when the modeling assumptions are violated, the nominal posterior need not be

optimal for prediction, and tempering may act as an implicit correction. More recent work has

further nuanced this picture, for example by arguing that some apparent cold posterior phenomena

may be artefacts of approximate inference [8] or by interpreting cold posteriors as a fully Bayesian

response to under�tting rather than as a violation of Bayesian principles [9]. Our results show that

even in a relatively controlled teacher�student setting with Gaussian noise and a well-understood

random features model, a systematic misalignment between posterior predictive variance and MAP

risk can arise purely from high-dimensional geometry and overparameterization.

In particular, the RF model provides a setting where the posterior is not obviously overcon�dent

in the usual sense of underestimating uncertainty. Instead, the posterior predictive distribution is too

wide: the asymptotic PPV S2
1 is strictly larger than Rwide + τ 2 in overparameterized regimes. This

runs counter to a common narrative that cold posteriors are needed because standard posteriors are

�too sharp�. Our analysis suggests an alternative interpretation: in highly overparameterized models,

the posterior�even when formally correct under the assumed generative model�can be structurally

mis-calibrated due to the way uncertainty concentrates along complex high-dimensional feature di-

rections. Tempering with T < 1 then serves to sharpen a posterior that is, in fact, too di�use. This

stands in contrast to the more familiar classi�cation setting, where modern deep networks tend to be

overcon�dent and are often calibrated by softening their predictions via temperature scaling [10, 11].
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Together, these observations highlight that miscalibration in high-dimensional models can manifest

in qualitatively di�erent ways depending on the task and the underlying geometry.

The phase transition in the optimal temperature T ∗ as a function of SNR further re�nes this

story. When the signal is weak, the optimal MAP risk is achieved with nonzero regularization,

and the standard posterior at T = 1 is already close to well calibrated, so there is little gain from

tempering. In contrast, when the signal is strong and the model operates near interpolation, the

posterior becomes strongly overdispersed, and substantial cooling is required to restore agreement

between Bayesian and frequentist uncertainty. This sheds light on empirical observations that cold

posterior e�ects are most pronounced in large, expressive models trained on relatively clean datasets

[1, 2], which correspond to high-SNR, overparameterized regimes.

From a practical perspective, our results suggest that posterior tempering can be viewed as a

principled calibration tool rather than an ad hoc trick. In the RF setting, the optimal temperature

T ∗ emerges naturally from the requirement that posterior predictive variance match MAP risk. While

computing T ∗ exactly in deep neural networks is infeasible, the qualitative dependencies we identify�

T ∗ decreasing with overparameterization and increasing with noise level�o�er guidance for how one

might choose or adapt temperature in practice.

Moreover, the asymptotic formulas linking T , ψ1, ψ2, and ρ to uncertainty miscalibration suggest

that temperature is playing a role similar to tuning regularization: changing T e�ectively rescales

the strength of the data term relative to the prior. This perspective connects the cold posterior e�ect

to broader work on generalized Bayes and PAC-Bayes methods, where non-unitary temperatures (or

learning rates) are used to trade o� �t and complexity in a controlled way [12]. Our analysis provides

a concrete example where such a non-standard temperature can be justi�ed directly by the goal of

aligning posterior and frequentist uncertainty, rather than solely by abstract generalization bounds.

Finally, the tight agreement between theoretical predictions and �nite-sample simulations in the

RF model supports the idea that high-dimensional asymptotic theory can provide quantitative insight

into regimes that are relevant for practical models. While real-world deep networks di�er from RF

models in many ways (e.g., learned rather than random features, non-Gaussian likelihoods, and more

complex architectures), the same high-level mechanisms�overparameterization, interpolation, and

double-descent-like behavior [5, 13]�are shared. Our results thus strengthen the case that cold

posterior phenomena observed in deep Bayesian models may be traced back, at least in part, to

structural properties of overparameterized inference rather than solely to idiosyncrasies of priors or

datasets.

Our analysis has several important limitations. First, we work with a single-hidden-layer random

features model with �xed, randomly sampled features and Gaussian regression noise. While this

setting already captures nontrivial high-dimensional e�ects, it remains considerably simpler than

modern deep architectures. Extending our framework to multilayer networks, learned features, or

convolutional architectures is an important direction. In such models, feature learning may interact

with posterior tempering in complex ways, potentially amplifying or attenuating the cold posterior

e�ect.

Second, we focus on exact Bayesian inference in a conjugate Gaussian setting. In practice,

Bayesian deep learning relies on approximate inference methods�such as stochastic gradient MCMC,

variational inference, or Laplace approximations�which introduce additional distortions in both the

posterior mean and covariance. It is plausible that some of the temperature adjustments used in

practice compensate not only for structural overdispersion of the exact posterior but also for approx-
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imation error. A fruitful line of work would be to disentangle these two contributions by comparing

exact and approximate inference in controlled settings where the exact posterior is tractable (e.g.,

small networks or linearized models), complementing studies that already scrutinize the quality of

posterior approximations in deep networks [8].

Third, our theory and experiments are restricted to regression with squared-error loss. In clas-

si�cation settings with cross-entropy loss and non-Gaussian likelihoods, the relationship between

posterior predictive variance, calibration, and frequentist risk is more subtle, and new tools may be

needed to de�ne and analyze appropriate uncertainty metrics. Nonetheless, we expect that analogous

misalignments between Bayesian and frequentist uncertainty can arise in high-dimensional classi�-

cation, and that temperature scaling will continue to play a role in correcting them, in line with

empirical �ndings on con�dence calibration [10, 11].

Finally, our characterization of T ∗ is asymptotic and depends on quantities (such as ρ, ζ, and the

spectral parameters in the �xed-point equations) that are not directly observable in practice. Devel-

oping data-driven procedures to estimate or adaptively learn an e�ective temperature�for example,

by calibrating predictive intervals on a held-out validation set or by minimizing a suitable empirical

discrepancy between predictive variance and squared error�is a natural next step. Such procedures

could be informed by the qualitative dependencies identi�ed here, using overparameterization and

SNR as guides for initialization and regularization.

Taken together, our results contribute to a growing body of work that seeks to reconcile classical

Bayesian principles with the realities of modern overparameterized models [1�6, 8�13]. The random

features model serves as a bridge between these worlds: it is simple enough to admit a precise

asymptotic analysis, yet rich enough to exhibit double descent, interpolation, and cold posterior

phenomena. Within this bridge model, we have shown that cold posteriors are not an anomaly but

a predictable response to a structural misalignment between Bayesian and frequentist uncertainty in

the overparameterized regime.

We view this as a step towards a principled theory of temperature in Bayesian deep learning.

Rather than treating T as a purely empirical knob, one can ask when and why T ̸= 1 is desirable,

and how it should depend on model and data characteristics. While many open questions remain,

our analysis suggests that overparameterization, SNR, and the geometry of the feature space are key

determinants of the optimal temperature, and that cold posteriors may be an intrinsic feature of

high-dimensional Bayesian inference rather than a pathology to be eliminated.

6. Conclusion

In this work, we provided a rigorous and quantitatively precise account of the cold posterior e�ect in

a mathematically tractable overparameterized setting. Working in high-dimensional random features

regression, we showed that the standard Bayesian posterior at temperature T = 1 systematically over-

estimates predictive uncertainty in overparameterized regimes, with the posterior predictive variance

asymptotically exceeding the MAP prediction risk plus observation noise. This overdispersion natu-

rally motivates posterior tempering, and we characterized an optimal cold temperature T ∗ < 1 that

aligns Bayesian and frequentist uncertainty, revealing a phase transition in the behavior of T ∗ gov-

erned by the signal-to-noise ratio and the degree of overparameterization. Our numerical experiments

closely matched the theoretical predictions, con�rming that the mismatch between posterior variance

and risk, as well as the bene�ts of tempering, already manifest at realistic �nite dimensions. Taken
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together, these results suggest that the cold posterior e�ect is not merely an artefact of misspeci�ed

priors, curated data, or approximate inference, but can arise structurally from high-dimensional ge-

ometry and overparameterization, positioning cold posteriors as a principled calibration mechanism

and pointing toward a more systematic theory of temperature in Bayesian deep learning.
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