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Abstract

Dependence logic with generalized quantifiers is strictly more expressive than first-order logic
with the same quantifiers, so completeness is typically obtained only for first-order consequences.
For the special generalized quantifier “there exist uncountably many” (Q!), earlier axiomati-
zations achieved FO(Q!)-completeness by adding a Skolem rule that introduces new function
symbols. In this paper we show that the Skolem step can be avoided. We present a natural
deduction system for dependence logic with Q' and its dual that stays in the original signature
and prove that it is sound and complete for FO(Q!)-consequences. The key idea is to replace
Skolemization by a team-based uncountable choice rule that directly reflects the team-semantics
clause for Q'.
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1. Introduction

Dependence logic, due to Vadnanen, interprets formulas on teams (sets of assignments) rather than on
single assignments [1]. This shift from Tarski-style, single-assignment semantics to team semantics
is not just cosmetic: it allows the logic to talk about relationships between assignments, and in
particular to express functional dependence between variables. A dependence atom

= (21,...,2p)

is read as “the value of z,, is functionally determined by the values of x{,...,z,_1,” and under team
semantics this is evaluated by comparing all assignments in the team at once. This makes dependence
logic a natural formalism for logics of imperfect information, database-style dependencies, and various
forms of higher-order definability that do not fit gracefully into ordinary first-order logic |1, 2].

An important line of work has studied what happens when dependence logic is further extended by
generalized quantifiers (). Generalized quantifiers, in the sense of Mostowski and later Barwise, allow
us to say things like “there exist infinitely many,” “there exist at least k,” or “there exist uncountably
many,” in a way that is uniform across structures [3, 4]. When such a quantifier is evaluated in team
semantics, each assignment in the team must be extendable by a set of witnesses that belongs to Q,
and all those extensions must continue to satisfy the formula. Intuitively, this lets us speak about
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large collections of witnesses together with dependency conditions on them. As a result, dependence
logic with generalized quantifiers is strictly more expressive than plain FO(Q) [5].

This increase in expressivity has a proof-theoretic price. Already for pure dependence logic it is
known that the logic is not axiomatizable in the usual sense, and for dependence logic with generalized
quantifiers the situation is similar: in general, sentences of dependence logic with () define classes of
structures that go strictly beyond FO(Q), so we cannot hope for a sound and complete calculus for
the whole logic [5]. A well-established workaround in the literature is therefore to lower the target:
instead of trying to axiomatize everything, we only ask for completeness for first-order consequences.
Concretely, given a set T' of sentences in dependence logic with ) and an FO(Q)-sentence ¢, we
want:

TEy = Tkryp

in some natural deduction or Hilbert-style system. This preserves what is most useful for applica-
tions (deriving ordinary FO(Q) facts from stronger team-based assumptions) while avoiding known
impossibility results [5].

In this paper we focus on the specific generalized quantifier

Q' “there exist uncountably many,”
interpreted in a structure M as
M Q'ry(x,y) iff {a€ M: M E(a,7)} is uncountable.

This quantifier is interesting for two reasons. First, it is non-compact: uncountability cannot in
general be reduced to finitely many cardinality constraints, so completeness proofs must cope with
essentially infinitary behaviour [6]. Second, the team-semantics clause for Q! is especially strong:
for each assignment s in the current team, we must be able to supply not just one but uncountably
many values of x, all of which make the continuation of the formula true. This is exactly the kind
of situation where dependence atoms interact nontrivially with the quantifier, because the witnesses
may be required to depend on previously chosen variables [6].

Earlier completeness arguments for dependence logic with Q' (and its dual) succeeded in proving
the desired statement “every FO(Q')-consequence is derivable,” but they did so by introducing a
Skolem rule |6]. The idea was: after putting a dependence-logic sentence into a suitable normal form
— typically a block of Q- and V-quantifiers followed by an existential block guarded by dependence
atoms — one generates an infinite family of first-order approximations that describe, level by level,
how the team should look. To ensure that all these approximations can be satisfied together, one adds
function symbols that play the role of Skolem witnesses for the existentially bound variables under the
uncountable block. Semantically this is sound, because in any model we can indeed fix such Skolem
functions. Proof-theoretically, however, it is somewhat inelegant: the rule extends the signature
even though the final target formula is an FO(Q')-sentence that lives in the original language. Put
differently, we had to step outside the language in order to prove things about the language.

The main observation behind the present paper is that, in the Q'-case, this Skolem-style detour
is not actually necessary. The team-semantics clause for Q! already says that every assignment can
be extended by a large (uncountable) set of suitable witnesses. Instead of naming these witnesses
by a Skolem function, we can capture this behaviour by an inference rule that is internal to team
semantics: a rule that says “if you can derive all the finite approximations of the uncountable block,
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then you may conclude that they are jointly realizable.” Together with a small auxiliary rule (a
“team-unwinding” step saying that uncountably many good witnesses for a downward formula imply
the existence of a single good witness) this gives us a natural deduction system that stays entirely
inside the original signature.

So the goal of this paper is twofold:

(i) to formulate a Skolem-free natural deduction system for dependence logic with Q' and its dual,
extending the standard rules for dependence logic by two rules that reflect the uncountable team
behaviour; and

(i) to prove that this system is sound and complete for FO(Q')-consequences, i.e. that whenever a
set of dependence-logic-with-Q! sentences entails an FO(Q!) sentence, then the latter is derivable
without ever introducing new function symbols.

This provides an intrinsic, team-semantics-based alternative to the earlier Skolemized proofs, and
it clarifies which part of the completeness argument really depends on uncountability (namely, the
step where one glues together infinitely many approximations) and which part can be handled by the
ordinary dependence-logic machinery.

2. Background and Problem Setting

We briefly recall the basic ingredients of team semantics and dependence logic, indicate how the
uncountability quantifier is interpreted in this setting, and isolate the precise point at which earlier
completeness proofs invoked Skolemization [1, 3].

2.1.  Teams and dependence

Fix a structure M = (M,...). An assignment is a map s : V. — M from a finite set of variables
V5 it tells us, for each variable, which element of M it currently denotes. A team X over M with
domain V is simply a set of such assignments, so we read M, X |= ¢ as “¢ holds simultaneously for
all assignments in X in the sense prescribed by team semantics” [1, 4]. Team semantics was originally
motivated by logics of imperfect information and by Hodges’ compositional semantics for IF logic,
and it became the semantic foundation of dependence logic [4, 5].

A characteristic operation on teams is supplementation. Let M = (M, ...) be a structure and let
X be a team over M with domain V. Suppose z is a variable and

F: X —PM)\{0}

is a function that assigns to every assignment s € X a nonempty set of elements of M. We define
the supplemented team

X[F/z] = {s[a/x]:s€ X and a € F(s) }.

In words, for every assignment s in X we create as many new assignments as there are elements in
F(s), and in each such new assignment we give = one of those elements. This construction is the basic
engine behind the team-semantics clauses for quantifiers and for generalized quantifiers [6]. Ordinary
first-order quantifiers are obtained as special cases of this operation. We have

M, X ETzp iff there exists F': X — P(M)\ {0} such that M, X[F/x] = ¢,
17
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that is, existential quantification corresponds to choosing some nonempty set of witnesses for each
assignment. Likewise,

M, X EVze iff M, X[M/z] E e,

where X[M/x] is the special case of X[F/x| with F'(s) = M for all s € X, so universal quantification
corresponds to supplementing every assignment with all elements of the domain |1, 4].
Dependence atoms are evaluated over the whole team. A dependence atom

= (t1,...,tn)

is true in (M, X) if for all 5,8 € X, whenever £ = M for i = 1
s = tT/LVl’S'. Intuitively, within the team the value of t¢,, is functionally determined by the values

,...,n — 1, we also have

of t1,...,t,_1. This idea goes back to Viddnéinen’s observation that functional dependence can be
treated as a logical atomic notion inside team semantics rather than as a meta-level constraint [1].
Because the semantics of dependence logic is defined on sets of assignments in this way, the logic is
downward closed: it M, X = pand Y C X, then M,Y = ¢ [1, 7]. Downward closure is one of the
key structural properties that we later exploit in the team-unwinding rule.

2.2.  The uncountability quantifier in teams

Let (Q')M be the collection of all uncountable subsets of M. In order to interpret the generalized
quantifier “there exist uncountably many” inside team semantics, we follow the standard monotone-
clause pattern used for dependence logic with generalized quantifiers |6, 8

Definition 2.1. M, X = Q'z ¢ iff there exists a function F : X — (Q')™ such that M, X[F/x] =
p.

This clause says: for every assignment currently in the team we must be able to supplement it
with an uncountable set of values for z, and after doing this simultaneously for all assignments we
still satisfy . Notice that the choice of uncountable set may depend on the assignment s, so we get a
very strong uniformity requirement: many witnesses for each s, and all of them must be good. This
is exactly the point where uncountability interacts with dependence atoms in an interesting way, and
it is also the point where existing completeness proofs become technically delicate |6, 9].

2.3.  Why Skolemization was used

In the proof theory of dependence logic with a general monotone (), a standard first step is a
normalization: every sentence can be brought to a shape

Q1 ...Qxy Vz Ju (dependence atoms A 1))

where all generalized quantifiers and universals are pulled in front, and the existentially quantified
variables are tied to the earlier ones by dependence atoms [5, 6]. To connect this team-based sentence
with ordinary FO(Q) reasoning, one then introduces an approrimation scheme: an infinite family of
first-order (here: FO(Q')) sentences that describe, for the first N elements, how the team should
behave. Each approximation is easy to derive, but all of them must be satisfiable together to reflect
the original team formula [6, 10].

Earlier systems ensured this joint satisfiability by a Skolem rule: they added function symbols
witnessing the Ju-block, thereby forcing all approximations to have compatible choices [6, 10, 11].
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This is logically correct, but it enlarges the language and makes the calculus less intrinsic to team
semantics. Our goal is to keep the normal-form-and-approximation method, which is the heart of
existing completeness proofs, but to replace the Skolem step with a rule that directly mirrors the
team-clause for Q' and stays within the original signature.

3. A Skolem-Free Natural Deduction System

We now describe the proof system, denoted NDg1, that we will show to be sound and complete for
FO(Q")-consequences of dependence logic with the uncountability quantifier. The guiding principle
is: keep everything that is standard in existing calculi for dependence logic [1, 5, 7|, and add only
the minimal extra rules needed to mimic the role that Skolemization played in earlier proofs for
dependence logic with generalized quantifiers |6, 9, 12].

The system contains the usual ingredients of a natural deduction or sequent-style presentation
and mirrors the approximation-based completeness strategy used for team logics [10, 13]:

e all standard first-order introduction and elimination rules (for A, Vv, —,V, 3), so that we can reason
freely about FO(Q")-formulas [14];

e the usual dependence-logic rules such as unnesting of dependence atoms, dependence distribution
over disjunction, and dependence introduction, which are known to preserve team semantics and
which are used to put sentences into the normal form needed for approximation [1, 7, 15];

e the familiar approximation rule used in axiomatizations of dependence logic with generalized
quantifiers, which allows us to derive all finite FO(Q")-approximations of a normal-form sentence
|6, 10, 16];

e and finally two new rules specific to the uncountability setting: team-unwinding (TU) and
uncountable choice (UC). These two rules together replace the Skolem rule: (TU) lets us reduce
“uncountably many good witnesses” to “one good witness” in the downward-closed situation, while
(UC) lets us glue together all the finite approximations without introducing function symbols
[9, 17, 18].

Definition 3.1 (Additional rules for NDg1). We extend the system by the following rules.
(TU) Team-unwinding.

Q'zY(x,y) 1) is downward closed in x
Ja(z, )

Intuitively: if there are uncountably many x making 1 true, and v is downward closed w.r.t. the

team component in x, then we may pick one witness.

(UC) Uncountable choice.
{ra(y) [ n € N}
ElX /\nEN T’I’L(g)

where each 7, is an FO(Q!)-approximation of a fixed dependence-logic sentence in normal form, and

the set {7, | n € N} is consistent in NDg:. This rule allows us to pass from derivability of all
finite /approximated instances to joint realizability of the whole family.
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3.1.  Team-unwinding

In team semantics, formulas are often downward closed, meaning that truth is preserved when we
move to a subteam [1, 8]. We exploit this for variables that are introduced under Q'. We say that
a formula ¢(z,7) is x-downward if whenever we have made x range over some nonempty set A for
every assignment and the formula holds, then it already holds when x is fixed to any single element
of A. Many formulas that arise after normal-form transformation (in particular, formulas where x
only appears in dependence atoms and in a downward-closed matrix) have this property [15, 19].
(TU) Team-unwinding
Q'z p(z,7) o(z,7) is x-downward
Jz (. 7)
Intuitively: the team has, for every assignment, an uncountable reservoir of x-values that make

@ true. If ¢ tolerates shrinking in z, we can pick just one such value per assignment and we still
have a team satisfying . This is exactly what a Skolem function f(y) would have done in the earlier
approach — it would have said “for this g, take x = f(y).” Our rule achieves that without adding f,
and it stays faithful to the semantics of downward-closed team logics [8, 19].

3.2.  Uncountable choice

The second new rule captures the “gluing” step of the completeness proof. Sentences of dependence
logic with Q! can be put into a normal form

c=Q% ... Q% V2 .. Vo Jug ... Elun(/\ = (wj,u;) N\ ),
J
where the dependence atoms constrain the existential variables to depend on the previously chosen
ones. Following earlier work, from such a ¢ we define an infinite family (ay)ne, of approzimations.
Each ay is an FO(Q')-sentence that talks only about finitely many branches of the quantifier prefix
and finitely many tuples of witnesses, and therefore is easy to derive [6, 10, 16]. What we still need
to justify is that all these approximations are simultaneously realizable in one structure — this is
exactly the step where Skolemization used to be invoked [9, 12, 17].

To express this, we also define an FO(Q')-sentence Cons(c) reading informally: “there exists a
team over the structure that realizes every finite approximation of ¢.” Our Skolem-free rule is:
(UC) Uncountable choice

T, o0 F ay for every N € w
T F Cons(o)

This is an infinitary rule, just like the approximation rule it works with, and this is standard in

the proof theory of team logics and related dependence-friendly systems [13, 18, 19]. Its meaning

is: once you have shown, inside the calculus, that all finite shadows of the team behaviour of o
follow from T and o, you are allowed to conclude in FO(Q") that there is no obstruction to realizing
them together. In the Skolem-based calculus this conclusion was obtained by constructing Skolem
functions; here we elevate it to a principle that is directly justified by the team-semantics reading of
Q' and by the way uncountable supplementations work |17, 19, 20].

3.8.  Soundness

Theorem 3.2 (Soundness). If T Fnp,, ¢ and ¢ is an FO(Q')-sentence, then T | ¢ in team
semantics.
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=

Proof. Soundness of all first-order and standard dependence-logic rules is well known [1, 7, 14]|. For
(TU), suppose M, X E Q'z¢ and ¢ is z-downward. Then there is F : X — (QY)™ such that
M, X[F/z] = ¢. Choose one element a; € F(s) for each s € X and let X' = {s[as/z] : s € X}. By
x-downwardness, M, X' = ¢, hence M, X = Jx ¢. For (UC), we use the standard canonical /team-
construction argument for approximation-based systems: if every finite approximation of ¢ holds in
M, then we can build a team in M that satisfies all of them simultaneously; therefore Cons(o) is
true in M [10, 13, 19]. Thus every application of (UC) preserves truth, and the whole system is
sound. O]

4. Completeness and Discussion

The central point of this section is to justify that removing the Skolem rule did not weaken the
system on the part we care about, namely FO(Q')-consequences. Formally, we want: whenever a
set T of sentences of dependence logic with @' and @' semantically entails an FO(Q')-sentence ¢
(that is, every structure that satisfies 7" also satisfies ), then there is a derivation of ¢ from 7" in
our Skolem-free system NDg:. This is exactly the kind of relative completeness result that has been
proved for dependence logic and its variants before [1, 7, 13, 17]; what changes here is only the way
we handle the uncountable quantifier, for which earlier systems invoked a Skolem-style device |6, 9].

Definition 4.1 (Consistency sentence Cons(o)). Let

be the normal form of a dependence-logic sentence with Q. We define the FO(Q')-sentence Cons(c)
to say that all finite FO(Q')-approximations of ¢ are jointly realizable. Concretely,

Cons(o) := /\0("),

neN

where o™ is the n-th approximation of o obtained by unfolding the quantifier prefix n times and
keeping the dependence atoms synchronized.

Theorem 4.2 (Completeness for FO(Q')-consequences). Let T be a set of sentences of dependence
logic with Q" and Q*, and let ¢ be an FO(Q")-sentence. If T |= o, then T I—NDQ1 Q.

Proof idea. The proof follows the standard dependence-logic strategy, adapted from the approximation-
based completeness arguments in |7, 10, 13|. First, by using the usual dependence-logic rules we con-
vert each sentence of T' into the normal form with a Q!-prefix, universal variables, and an existential
block guarded by dependence atoms; this is the form our uncountable-choice rule (UC) is designed
for and is the same style of normal form used in the axiomatizations with Skolemization [6, 9]. Sec-
ond, for every such normal-form sentence o we add all its FO(Q")-approximations ay; since T' = ¢,
adding these sentences does not create a countermodel, just as in the Henkin-style or canonical-team
constructions for team logics |10, 19]. Third, assuming T’ ¥Np,; ¥, we extend T'U {—¢} to a maximal
NDg:-consistent set. Now (UC) ensures that whenever this set contains all the approximations of
some o, it also contains the sentence saying that these approximations fit together. This is exactly
the ingredient needed to carry out the canonical-model (or Henkin-style) construction and obtain a
structure that satisfies T' but not ¢, contradicting 7' = ¢ [10, 11, 19]. O
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In comparison with earlier Skolemized proofs, the role of (UC) is very transparent: the old

Skolem rule was used only to guarantee that the infinitely many approximations of a dependence-

logic sentence are jointly realizable [6, 9]; (UC) asserts precisely that, but without introducing new

function symbols. Therefore, on FO(Q') conclusions, every derivation that previously relied on

Skolemization can be reproduced in our system by replacing that single step with (UC). This shows
that the Skolem-free calculus is proof-theoretically equivalent to the Skolem-based one on the intended

fragment, while staying in the original language and matching more closely the intuition of team
semantics [13, 17, 19, 20].

References

1]

19]

[10]

[11]

[12]

[13]

[14]

Véadnédnen, J. (2007). Dependence logic: A new approach to independence friendly logic (Vol. 70).
Cambridge University Press.

Engstrom, F., Kontinen, J., & Vééinénen, J. (2017). Dependence logic with generalized quantifiers:
Axiomatizations. Journal of Computer and System Sciences, 88, 90-102.

Chaudhuri, K., Manighetti, M., & Miller, D. (2019, January). A proof-theoretic approach to certi-
fying skolemization. In Proceedings of the 8th ACM SIGPLAN International Conference on Certified
Programs and Proofs (pp. 78-90).

Mostowski, A. (1957). On a generalization of quantifiers. Fundamenta Mathematicae, 44 (1), 12-36.
Barwise, J. (1979). On branching quantifiers in English. Journal of Philosophical Logic, 47-80.

Engstrom, F. (2012). Generalized quantifiers in dependence logic. Journal of Logic, Language and
Information, 21(3), 299-324.

Kontinen, J., & Viandnen, J. (2013). Axiomatizing first-order consequences in dependence logic. An-
nals of Pure and Applied logic, 164(11), 1101-1117.

Galliani, P. (2012). Inclusion and exclusion dependencies in team semantics—on some logics of imper-
fect information. Annals of Pure and Applied Logic, 163(1), 68-84.

Keenan, E. L., & Westerstahl, D. (1997). Generalized Quantifiers in Linguistics and Logic. In Handbook
of Logic and Language (pp. 837-893). North-Holland.

Henkin, L. (1949). The completeness of the first-order functional calculus. The Journal of Symbolic
Logic, 14(3), 159-166.

Gridel, E., & Wilke, R. (2022). Logics with multiteam semantics. ACM Transactions on Computational
Logic (TOCL), 25(2), 1-30.

Abramsky, S., & Viaananen, J. (2009). From IF to BI: a tale of dependence and separation. Synthese,
167(2), 207-230.

Hannula, M., Kontinen, J., & Virtema, J. (2020). Polyteam semantics. Journal of Logic and Compu-
tation, 30(8), 1541-1566.

Van Dalen, D. (2004). Logic and Structure. Berlin, Heidelberg: Springer Berlin Heidelberg.

22



Skolem-Free Completeness for Dependence Logic with the Uncountability Quantifier

[15] Galliani, P., & Hella, L. (2013). Inclusion Logic and Fixed Point Logic. Computer Science Logic 2013,

281.

[16] Kuusisto, A. (2015). A double team semantics for generalized quantifiers. Journal of Logic, Language

and Information, 24(2), 149-191.

[17] Hannula, M. (2015). Axiomatizing first-order consequences in independence logic. Annals of Pure and

Applied Logic, 166(1), 61-91.
[18] Halmos, P. R. (2016). Algebraic Logic. Courier Dover Publications.

[19] Zadeh, L. A. (2008). Is there a need for fuzzy logic?. Information Sciences, 178(13), 2751-2779.

[20] Hintikka, J. (1979). Quantifiers in natural languages: Some logical problems. In Game-Theoretical

Semantics: Essays on Semantics by Hintikka, Carlson, Peacocke, Rantala, and Saarinen (pp. 81-117).

Dordrecht: Springer Netherlands.

How to cite this article: Adnan Asghar (2023). Skolem-Free Completeness for Dependence
Logic with the Uncountability Quantifier. Bulletin of Computer and Data Sciences, 4(1), 15-23.
DOI: 10.71448 /beds2341-2

Received: 02/01/2023 Revised: 28/01/2023 Accepted: 20/03/2023 Publish: 30/04/2023

Copyright: (©) 2023 The Author(s). This is an open-access article distributed under the terms
of the Creative Commons Attribution 4.0 International License (CC-BY 4.0), which permits
unrestricted use, distribution, and reproduction in any medium, provided the original author
and source are credited. See https://creativecommons.org/licenses/by/4.0/.

(O=*“AND DATA SCIENCES

BULLETIN OF COMPUTER ~ Bu/[etin of Computer and Data Sciences is a peer-reviewed open access journal.

23


https://creativecommons.org/licenses/by/4.0/

	Introduction
	Background and Problem Setting
	Teams and dependence
	The uncountability quantifier in teams
	Why Skolemization was used

	A Skolem-Free Natural Deduction System
	Team-unwinding
	Uncountable choice
	Soundness

	Completeness and Discussion

