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Abstract

We study Parikh matrices as an order-sensitive re�nement of Parikh vectors. We formalize

the mapping PMk and an indicator-based generalization PMv, showing via a simple encoding

that every PMv reduces to an ordinary Parikh matrix. Structurally, we revisit M -equivalence

and (un)ambiguity (including the complete binary characterization and �niteness for prints), and

identify cyclic shifts and disjoint transpositions as Parikh-friendly permutations. Algorithmically,

M -equivalence is decidable in polynomial time, while recognition and unambiguity admit natural

exponential procedures; superdiagonals exhibit substantial independence. Finally, we construct

binary families with exponentially largeM -equivalence classes and relate their counts to Gaussian

binomials, ruling out polynomial upper bounds on ambiguity degree.
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1. Introduction

Let w be a word over a �nite alphabet A and write |w| for its length. We use A∗ for the free monoid

of all (�nite) words over A, with identity element the empty word λ. The most immediate statistic of

w is its length |w|, while its order�free letter frequencies are captured by the classical Parikh vector

Ψ(w) ∈ N|A| [1]. Fixing an ordering A = {a1, . . . , an},

Ψ(w) = ( |w|a1 , . . . , |w|an ),

where |w|aj is the number of occurrences of aj in w. By construction, Ψ(w) forgets all information

about order.

To retain order sensitivity, we count (scattered) subwords. If u = x1x2 · · · xk ∈ A∗ and w =

w1w2 · · ·w|w| ∈ A∗, de�ne

|w|u := #
{
(i1, . . . , ik) : 1 ≤ i1 < · · · < ik ≤ |w|, wir = xr for r = 1, . . . , k

}
.

Thus |w|u is the number of embeddings of u into w as a not-necessarily-contiguous subword. By

convention, |w|λ = 1. We distinguish subwords from factors (contiguous subwords): u is a factor of

w if w = xuy for some x, y ∈ A∗. When needed, we write u ≼ w to mean that u is a subword of w.
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Even over the binary alphabet {a, b}, subword counts satisfy informative identities. A basic

example is

|w|a |w|b = |w|ab + |w|ba , (1)

see [2], every ordered pair consisting of an a-position and a b-position contributes exactly once to the

right�hand side, according to whether the a precedes or follows the b. For repeated letters, scattered

copies reduce to binomial coe�cients:

|w|am =

(
|w|a
m

)
(m ≥ 0), (2)

because choosing an m-tuple of a-positions in increasing order is the same as choosing an m-subset

of the |w|a many a's. Over a ternary alphabet with distinct letters a, b, c, summing over all relative

orders yields ∑
σ∈S3

|w|σ(abc) = |w|a |w|b |w|c , (3)

since any triple of positions carrying one a, one b, and one c contributes to exactly one permutation

on the left.

Take w = ababa. Then |w|a = 3, |w|b = 2,

|w|ab = 3, |w|ba = 3, |w|aa =
(
3

2

)
= 3, |w|bb =

(
2

2

)
= 1,

and

|w|aba = 4, |w|aab = 1, |w|abb = 1.

Identity (1) holds as 3 · 2 = 3 + 3, and (2) gives the aa/bb counts directly.

While Ψ(w) already provides a coarse, order�free �ngerprint of w, the full family ( |w|u )u∈A∗

encodes much �ner information about order. Between these two extremes lie the Parikh matrices,

which stack carefully chosen subword counts along superdiagonals of an upper�triangular matrix;

they re�ne Ψ(w) while remaining far more compact than the entire subword pro�le. They are central

to this work.

Beyond the elementary identities above, the landscape of relations that connect �rst�order counts

( |w|u , |w|v ) with higher�order concatenations ( |w|uv , |w|vu ) is subtle, and general explicit formulas

are not known in full generality [3�12]. This paper develops a calibrated framework for those re-

lations via Parikh matrices and their generalizations, studies ambiguity phenomena (when di�erent

words share the same matrix), and quanti�es the size of the resulting equivalence classes. Along the

way we highlight algorithmic questions (testing equivalence, recognizing valid matrices) and struc-

tural principles (how superdiagonals constrain one another) that shape the combinatorics of subword

counts.

2. Parikh matrices and their generalization

2.1. The Parikh matrix mapping

Fix an ordered alphabet A = {a1, . . . , ak}. The Parikh matrix mapping

PMk : A∗ −→ Mk+1
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is the unique monoid morphism into the set of (k+1)× (k+1) upper�triangular integer matrices with

ones on the diagonal (unitriangular matrices) determined by

PMk(λ) = Ik+1, PMk(aq) = Ik+1 + Eq,q+1 (1 ≤ q ≤ k),

and extended multiplicatively by PMk(uv) = PMk(u)PMk(v) for u, v ∈ A∗. If U = PMk(w), then for

all 1 ≤ i ≤ j ≤ k the entry

U i, j+1 = |w|aiai+1···aj ,

so the �rst superdiagonal (i = j) records single�letter counts (i.e., the Parikh vector), while higher

superdiagonals encode ordered subword statistics arranged by increasing blocks of the alphabet order.

This mapping depends on the chosen order of A; permuting the alphabet corresponds to a simulta-

neous permutation of indices on rows and columns, and consequently reorders the superdiagonals.

For the binary alphabet A = {a < b} (k = 2),

PM2(a) =

1 1 0

0 1 0

0 0 1

 , PM2(b) =

1 0 0

0 1 1

0 0 1

 ,

and for any word w we have (PM2(w))1,3 = |w|ab, (PM2(w))1,2 = |w|a, (PM2(w))2,3 = |w|b. Over a

ternary alphabet {a < b < c} (k = 3),

PM3(a) =


1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 , PM3(b) =


1 0 0 0

0 1 1 0

0 0 1 0

0 0 0 1

 , PM3(c) =


1 0 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 .

If w = abca, then |w|a = 2, |w|b = 1, |w|c = 1, |w|ab = 1, |w|bc = 1, and |w|abc = 1, hence

PM3(w) =


1 2 1 1

0 1 1 1

0 0 1 1

0 0 0 1

 .

The multiplicative rule PMk(uv) = PMk(u)PMk(v) has a simple combinatorial interpretation: mul-

tiplying by PMk(aq) = I + Eq,q+1 sends each existing contribution on the q-th column one step up

to the (q+1)-st column, thereby incrementing precisely those subword counts whose rightmost letter

is aq. In particular, letter matrices with non-adjacent indices commute since Ei,i+1Ej,j+1 = 0 for

|i− j| > 1, while adjacent letters interact through Ei,i+1Ei+1,i+2 = Ei,i+2, which is responsible for the

appearance of higher superdiagonals.

2.2. Generalized Parikh matrices via subword indicators

Let v = c1 · · · ct be an indicator word over A (letters may repeat). The generalized mapping

PMv : A∗ −→ Mt+1

is the monoid morphism speci�ed on letters by

PMv(a) = It+1 +
∑
1≤i≤t
ci=a

Ei,i+1, a ∈ A,
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so a letter contributes 1 just above the diagonal exactly at those positions where it appears in v. For

W = PMv(w) and 1 ≤ i ≤ j ≤ t,

W i, j+1 = |w| cici+1···cj ,

hence PMv(w) tabulates subword counts for all contiguous blocks of the indicator v. As an illustration,

take v = baba over {a < b} with t = 4. Then

PMv(a) = I5 + E2,3 + E4,5, PMv(b) = I5 + E1,2 + E3,4,

and (PMv(w))1,3 = |w|ba, (PMv(w))2,5 = |w|aba, etc., aligned with the contiguous blocks of v.

There is an e�ective reduction from the generalized mapping to the ordinary one. Let [t] :=

{1 < 2 < · · · < t} be an ordered alphabet and write PMt for the standard mapping on [t] with

PMt(r) = It+1 +Er,r+1. For each a ∈ A, list the positions where a occurs in v as Pa(v) = {p1 < p2 <

· · · < pm} ⊆ [t], and de�ne a coding morphism hv : A∗ → [t]∗ by

hv(a) = pm pm−1 · · · p1 (reverse order; empty word if Pa(v) = ∅).

Then for every w ∈ A∗ one has

PMv(w) = PMt(hv(w)).

This identity is immediate on letters by construction of PMv and PMt, and extends to all words by

multiplicativity; the reversal ensures that contributions accumulate on the correct superdiagonals so

that blocks ci · · · cj in v are counted in the (i, j+1) entry.

3. Ambiguity and decision problems

3.1. M-equivalence and (un)ambiguity

Fix an ordered alphabet and write PM(w) for the Parikh matrix of a word w with respect to this

order. Two words w1, w2 are M -equivalent if PM(w1) = PM(w2). A word w is M -unambiguous if

it is the unique word in its M -equivalence class; otherwise w is M-ambiguous. The notion depends

on the chosen order of the alphabet, since reordering the alphabet permutes the superdiagonals of

PM(·).
Over the binary alphabet {a, b} there is a complete description: a word is M -ambiguous if and

only if it contains non-overlapping factors ab and ba. Equivalently, the M -unambiguous words are

exactly those in the regular language

a∗b∗ ∪ b∗a∗ ∪ a∗b a∗ ∪ b∗a b∗ ∪ a∗b a b∗ ∪ b∗a b a∗.

For instance, w = abba isM -ambiguous since it has the disjoint factors ab and ba; indeed PM(abba) =

PM(baab) while abba ̸= baab. In contrast, aaabbb ∈ a∗b∗ is M -unambiguous. The language of M -

unambiguous binary words is recognized by a deterministic automaton with �ve states.

3.2. Prints

The print of a word w is obtained by collapsing each maximal run ai with i > 1 to a single a; we

denote it by print(w). By de�nition, a printed word equals its own print, e.g., print(aaabbaaa) = aba

and print(aba) = aba. For any �xed alphabet, only �nitely many printed words are M -unambiguous,
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and there is an e�ective bound on their lengths. Moreover, for k ≥ 3 there exists N(k) such that

every su�ciently long factor of the periodic word (a1a2 · · · ak)ω is M -ambiguous. The conjecture

�M -unambiguous ⇒ print(w) is M -unambiguous�

holds for binary and ternary alphabets but fails for larger ones; nevertheless it supports the heuristic

that, as the alphabet grows, su�ciently long prints inevitably force ambiguity.

3.3. Decision tasks

Core algorithmic questions include: recognizing which upper�triangular unitriangular matrices arise

as Parikh matrices; deciding whether a given w is M -ambiguous; and testing M -equivalence of two

words. The M -equivalence test reduces to computing and comparing two Parikh matrices and can

be implemented in time O(|w| · |A|+ |A|2) and space O(|A|2) by scanning w once and updating the

relevant superdiagonals via the multiplicative rule PM(uv) = PM(u)PM(v). By contrast, recognition

of Parikh matrices and M -unambiguity testing admit natural brute�force procedures (enumerating

preimages or M -equivalent neighbors) that are exponential in the worst case.

Entries above the main diagonal exhibit substantial independence: �xing any selection of super-

diagonals need not determine the remaining ones. For {a < b < c}, there exist distinct words with
the same single�letter counts and the same second�superdiagonal counts |w|ab and |w|bc but di�erent
third�superdiagonal |w|abc; for example,

baacb and abcba

both satisfy |·|a = 2, |·|b = 2, |·|c = 1, |·|ab = 2, |·|bc = 1, yet |baacb|abc = 0 while |abcba|abc = 1.

This illustrates why partial information across superdiagonals generally does not pin down the entire

Parikh matrix.

4. Subword indicators and alphabet permutations

Switching the indicator word may or may not preserve PMv(w), depending on w. Over {a, b}, the
equality PMab(w) = PMba(w) forces

|w|a = |w|b and |w|ab = |w|ba .

Since |w|ab+ |w|ba = |w|a |w|b, writing |w|a = |w|b = m yields 2 |w|ab = m2, so m must be even. Such

coincidences occur only for M -ambiguous w.

A permutation p of the alphabet is called Parikh�friendly if there exists a witness word w using

all letters such that

PMa1···ak(w) = PMp(a1···ak)(w).

Two in�nite families are known:

� Cyclic shifts. The k�cycle p = (a1a2 · · · ak) is Parikh�friendly. A witness is

w = a1a2 · · · ak ak · · · a2a1,

for which both indicator orders yield all superdiagonal entries equal to 2.
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� Disjoint transpositions. Any product of disjoint swaps is Parikh�friendly: for each transposed

pair (x y) insert a short balancing block (e.g., xyyx) so that the contributions to all relevant

subword counts match under the two orders, and concatenate these blocks across pairs. Fixed

points may be included once or twice without e�ect.

A complete characterization of Parikh�friendly permutations remains open.

5. Quantifying M-ambiguity

De�ne the degree of ambiguity d(M) of a Parikh matrix M as the number of words w with PM(w) =

M . For a word u, its degree is d(PM(u)). Degrees are always �nite: the �rst superdiagonal of PM(w)

�xes all single�letter counts and hence |w|. Nonetheless, degrees can grow exponentially in the word

length.

Binary example. Over {a, b}, consider

w(n) = an bn bn an = an b2n an.

A direct computation gives

PM(w(n)) =

1 2n 2n2

0 1 2n

0 0 1

 ,

since |w(n)|a = 2n, |w(n)|b = 2n, and the ab�count is |w(n)|ab = n · (2n) = 2n2 (every initial a sees

all 2n b's to its right).

Local moves preserving the matrix. For binary words, PM(w) is determined by ( |w|a , |w|b , |w|ab ).
An adjacent swap ab ↔ ba changes |w|ab by ∓1. Hence any synchronized collection of such swaps

whose net e�ect on |w|ab is zero preserves PM(·). Starting from w(n), many distinct words with the

same triple (2n, 2n, 2n2) can be reached.

Counting via inversion pro�les. Index the 2n occurrences of a from left to right and let ri be

the number of b's to the right of the i-th a. Then r1 ≥ r2 ≥ · · · ≥ r2n, each ri ∈ {0, 1, . . . , 2n}, and

2n∑
i=1

ri = |w|ab .

Thus binary words with |w|a = |w|b = 2n and |w|ab = 2n2 are in bijection with partitions of 2n2

whose Ferrers diagram �ts inside a 2n× 2n rectangle. Equivalently,

d(PM(w(n))) = [q 2n2

]

[
4n

2n

]
q

,

the coe�cient of q2n
2
in the Gaussian binomial

[
4n
2n

]
q
.
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Exponential growth. By standard partition asymptotics, the number of partitions of 2n2 with at

most 2n parts and largest part at most 2n grows as exp(Θ(n)). Consequently, there exists a constant

c > 0 and n0 such that for all n ≥ n0,

d(PM(w(n))) ≥ e cn = 2Ω(n) = 2Ω(|w(n)|).

In particular, there is no polynomial (in the word length) upper bound on the ambiguity degree even

for the �xed binary alphabet.

6. Conclusion and outlook

We revisited Parikh matrices as a bridge between order-free Parikh vectors and fully order-sensitive

subword statistics. After �xing notation, we formalized the Parikh matrix mapping PMk and its

indicator-based generalization PMv, showing that the latter reduces e�ectively to the former via

a simple encoding that reverses letter-occurrence positions. On the structural side, we reviewed

M -equivalence and M -unambiguity, including the complete binary characterization, �niteness phe-

nomena for prints, and the dependence of M -equivalence on alphabet order. Algorithmically, we

remarked that testing M -equivalence is polynomial (via matrix comparison), whereas recognition

and unambiguity testing admit natural but exponential search procedures and exhibit substantial

independence across superdi
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